
all about? 



How nanu sides does a hexagon have? 


whats the point of algebra? 
v/hats a square root? 
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Internet links 

Vou can find out lots more about maths on the internet - you can read about 
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www.usbome-quicklinks.com and type in the keywords what is maths. 


The links are regularly reviewed and updated, but Usborne Publishing 
cannot be responsible for any website other than its own. 
Please follow the internet safety guidelines displayed 
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IVs all Oreefe 

The word ‘mathematics’ 
comes from the Greek word 
mathema , meaning learning, 
study or science. 


Understanding 
the efUeSlion 

Sometimes the hardest 
thing about solving a maths 
problem isn’t the numbers, 
but the words. 

Part of the knack of 
maths is reading questions 
carefully. For example: 
how many months have 
28 days? 



whaV$ maths all ato-at? 

You might think maths is all about numbers. It is - but 
it’s also about shapes, amounts and patterns. Numbers 
provide a way to measure shapes, count things and 
even recognize patterns. 

Maths is used to find answers to questions, such 
as how long a new bridge should be, or who is 
most likely to win a game. Even complex things, 
such as the flight patterns of birds, can be turned 
into mathematical models. Models help people make 
predictions about what will happen in the future. 

Who cfoeS Maths? 

Everyone does maths, all the time. You use maths to 
make a cake, decide how much food to buy for a party 
or plan what move to make in a game. 

Maths is also a way of thinking and working things 
out that you can apply to any activity, even solving 
picture puzzles. 


This is a picture sudoku puzzle. To 
complete the puzzle, draw the correct 
face into each space in the grid. 


® © © 


Every row, every column and every 
4-square box in the grid has to 
include one picture of each face... 

...and each face can only appear 
ONCE in each row, column or box. 



© 



• 


© 

© 




© 

© 


© 



(The answer is cm page 93.) 
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INTRODUCTION 


One step at a time 

A lot of maths boils down to knowing how to set 
out information in a clear way. To solve a problem, 
mathematicians use skills similar to a detective. They 
look at the evidence or the facts, then apply reasoning 
to lead from one step to the next, until they find the 
answer Here's an example: 


How many blue marbles are in the box? 


mr • 

• 

# 

Fact 1: 

Fact 2: 

Fact 3: 

The box contains 

There are 10 

There are 

only red and blue 

marbles in total. 

3 red marbles. 

marbles. 








What’s the point of maths? 


Numbers aren’t exactly real 'things', but the things they 
describe are real. For example, you can have two dogs, 
or two apples, but ‘two’ on its own doesn’t really 
describe anything. Some maths is about real things, 
but lots of maths is about unreal, or abstract, ideas. 

Abstract, or pure, maths is often about exploring 
patterns and tackling puzzles. It doesn't always have a 
use in everyday life. But learning pure maths teaches 
you how to think in a certain way. 

Sometimes, even the most obscure maths facts turn 
out to have a practical use. Turn the page to find out 
how people have used maths to change the world... 


dan yo-u prove il? 

To solve problems, 
mathematicians don’t just 
do calculations in their heads 
and write down the answer. 

A big part of doing maths is 
explaining how they got 


the answer. 
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INTRODUCTION 


How have mathemalicians 
changed the world? 

Mathematicians have experimented with numbers and 
ideas for centuries. This has led to some remarkable 
discoveries that have changed our lives, often by accident. 


understanding the universe 

In the early 17th century, German mathematician and 
astronomer Johannes Kepler experimented with shapes 
and worked out how the planets and the Sun relate to 
each other. He came up with the theory that planets 
orbit the Sun in elliptical (or oval) ~ not circular ~ paths. 
His discoveries helped later astronomers to predict how 
planets and their moons move through space. 
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Art and perspective 

For thousands of years, artists struggled to draw distances 
between objects accurately. In the 15th century, Italian 
engineer Brunelleschi found a trick: to show distance, he drew 
two lines that met at a point on the horizon, representing 
parallel lines, such as the sides of a street. 


Look at the picture below to see how it works: 


Computer language 
19th-century British mathematician 
George Boole invented Boolean logic - a system 
of giving values to statements. In his system, a 
statement is given a value of M * if it is true, or 
‘O’ if it is false. Boolean logic became the 
basis for the way computers work. 


The sides of a real 
street are parallel 
- they never meet. 


The sides of the street 
in this picture aren’t 
parallel, but the street 
looks as if it goes into 
the distance. 














introduction 


Strong arches 

Bridges are often supported by arches. The shape of an 
arch allows the weight of the bridge to be spread out 
along the arch to supports at each end, instead 
of pushing down in the middle. 

Ancient Roman mathematicians were among the first 
to use this design to build huge bridges and aqueducts. 



Square bridge 


Arched bridge 



Rocfeet science 

To make a rocket, engineers 
need to work out many things, including the 
best launch path, how much fuel the rocket will 
need, and how fast it must travel to 
escape the earth’s gravity. 


Many of these calculations are based on laws 
of force and motion discovered by 
17th-century British mathematician 
and physicist Isaac Newton. 




Maps a hd surveys 

A new system for finding places on maps was invented by 
French mathematician Rene Descartes in the 17th century. 
In his system, any point on a map can be described by 
its distance along a horizontal line (the x-axis) 
and a vertical line (the y-axis) 
from a particular point. 


Searching the internet 

In the USA in the late 20th century, computer 
scientists Larry Page and Sergey Brin used a kind 
of maths called optimization to build a tool 
for searching the internet. 

Their original tool was meant to search 
through scientific papers to find out which 
ones discussed each other’s findings. But the 
project soon grew, and became the basis for the 
internet search website known as Google. 


1 ^ 3 4 5 6 7 8 

This is known as the system of Cartesian 
coordinates. Coordinates are found on country 
maps, road maps, archaeological plans, computer 
charts and even treasure maps. 
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INTRODUCTION 


Ijverycfay maths 

You learn lots of maths without ever opening a book. In fact 
there are many types of maths that you might do every day 
- not just at school - without even thinking of them as maths. 


Watching a tournaMeht 


Whenever someone wins a medal at a tournament, such as the 
Olympic Games, it’s recorded on a medals table. Understanding 
the information on the table is a type of maths. 




Baling dMpdVikeS 



To bake a cake, you need to measure out all the 
ingredients, mix them up in the right order, and 
bake them for the right amount of time. 
Measuring quantities is part of maths. If the 
recipe makes 12 cupcakes, but you want to 
make 18,you’ll have to do even more maths. 


(ah birds Cbv\ fly 


winning an argument 

Some people try to win arguments 
by shouting the loudest. But there’s 
another way - using logical reasoning, 
which is a type of maths, too. 















































INTRODUCTION 


Pfenning a route 
Imagine you’re going on a trip, and you have 
to pick up ten friends in a minibus. You’ll need 
to use a type of maths to work out the most 
efficient route to get to each 



wrapping a present 

Wrapping paper usually comes in long rolls. 
But you don’t need all the paper to wrap a 
small present. To cut out the correct amount 
of paper, most people estimate how much to 
use - a very important part of maths. 


wafting up in the morning 

How do you decide what time to set your alarm clock for? 
You might need to work out how much time it takes to 
wash, dress and eat your breakfast before you’re ready to 
leave the house. Even if you only guess the answers, 
this is all maths. 


Pfenning a party 





When you invite lots of friends to a party, you need to 
do some maths to make sure you have enough food and 
drink. If it’s a sleep-over, you might have to rearrange 
your bedroom so there’s enough room for everyone 
- another type of maths. 


3 pizzas with 8 
slices; everyone 
gets 4 slices each, 
with 4 left over. 









































































































































































































part l: 

What afe Irutokers? 



Numbers were invented to help people count 
and measure things. Hut they have a life of their 
own, too. Mathematicians have discovered that the 
way numbers are connected creates all sorts of 
patterns. Sometimes these patterns reveal useful 
tricks that help with counting and measuring 
things, but sometimes they’re just patterns. 





































































































































WHAT ARE NUMBERS? 



— - i 


do-uhtihg a.h<f 
•writing 

One of the first things people 
needed to count was probably the 
number of animals they kept. 
They kept track of amounts by 
carving groups of strokes called 
tallies onto wood or bone. 

Ancient bones with tally 
markings are some of the oldest 
forms of writing ever found. 


Simple symbols 

Most numbers can be written using just ten symbols, 
or digits: 0,1, 2, 3, 4, 5, 6, 7, 8 and 9. These are 
sometimes called Hindu-Arabic numerals, because 
they’re based on symbols first used in India, and later 
the Arab world, over a thousand years ago. 


Natural numbers 

If you start at 1, and count up one at a time, you're 
counting natural numbers. Natural numbers describe 
how many of something you’re referring to, such as 
one fish, or two bottles. 

The symbol 'O’, or zero, is an exception - it stands 
for not having any at all. Using just ten digits, it’s 
possible to describe any natural number no matter 
how big it is. This is thanks to the digit zero... 


Zero lo the VeSdUe 



Over 1,500 years ago, 
people in Asia and Central 
America used various 
different symbols to 
represent nothing’. 

The ring shape, 0, was 
invented nearly 1,400 
years ago in India. It was 
used by an Indian scholar 
named Brahmagupta to 
help write out really big 
numbers. 



Zero lets you leave gaps in numbers. For example, 

5 and 6 can be used to write 5, 6, 56 or 65. Eut 
introducing a 0 lets you write 50, 60, 506, 605, 560 
and 650. The important part is the position of the zero, 
and the number of zeroes there are. 

If you want to count your toes, the digits 1 to 9 will 
get you most of the way. To count the final, tenth, toe 
you use two digits: 1 followed by 0. The 1 doesn’t stand 
for one toe any more, but for one group of ten toes, 
while the 0 stands for no extra toes. 







































WHAT ARE NUMBERS? 


do-anting in tens 

Counting in tens is the basis for a way of counting 
called the decimal system, from the Latin decern, 
meaning ‘ten’. It’s also known as base 10. 

In the decimal system, the position of each digit 
shows its value, such as hundreds’, tens’ or'units’. 


<5" ' S '' >6 '' >y> 

/-V/ ////,> 

*>'VV *£/<//*?/ <' < 


The Smallest 
value place is on 
fhe righf. 


4 = 


1000000 


When you see a big number written out, you can 
figure out what each digit is worth from where it sits, 
known as its place value. Here are two examples: 



Binary code 

Counting in tens isn’t the only 
way to count. Computers use a 
counting system with just two 
digits, 0 and 1. This is known as 
binary code. 

There e\re 10 fcmds 
of people ita the w oriel... 
...those who understand ^ 
binary code, *md those 
who doia’f. 


Each 0 represents a switch that 
is turned off in the computer’s 
hardware, and 1 represents a 
switch that’s turned on. A switch 
can’t be in any other position, 
so there’s no need to use more 
than two digits. In binary, the 
number 2 is expressed as ‘1 O’: 
one lot of ‘twos’, and no ones’. 

Roman dounting 

Ancient Romans used symbols 
that we now call Roman 
numerals. I, II, III, IV, V, VI, VII, VIII, 

IX and X stood for the numbers 
1 to 10. They didn’t have a 
zero, so they had to keep 
inventing new symbols to stand 
for big numbers. 

L = 50 C = 100 
D = 500 M = 1000 


It took lots of Roman numerals 
to write a big number such as 
1808: MDCCCVIII. 
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wHAT AR£ NUMBERS? 


Negative prokletos 

The first book to describe how 
to use negative numbers was 
written in Ancient China over 
2,000 years ago. 

It’s called Nine chapters on 
the mathematical art and 
explains how to use negative 
numbers to solve problems. 


ZhdleSS Sigh 

Mathematician john Wallis 
introduced the symbol 00 to 
stand for infinity in 1655. 

If you trace the symbol with 
a pencil, you can keep going 
round and round forever. It was 
also an easy symbol to use in 
printing, as it was made by just 
putting an 8 on its side. 


Negative Iramkers 

You can also count backwards starting from zero. 
Numbers less than zero are called negative numbers. 
The number written -1 is properly called negative one’, 
although it’s often called 'minus one’. 

The idea of negative numbers may seem odd, but 
they can describe things in the real world. For example, 
if you owe a friend £5, but don’t have any money, you 
could say that you have £-5, or ‘negative five pounds’. 

ForeVeF a.Ii d eVet* 

If you start counting up from zero, you could keep 
going and never reach a final number You can always 
add 1 to a positive number to get a bigger number 
There’s no such thing as 'the biggest number’, but there 
is a word to represent the idea of such a number: 
infinity It’s represented by the symbol co. 

Infinity is an abstract idea that doesnt represent 
anything that really exists. For example, the number of 
grains of sand in a desert, or stars in a galaxy, may be 
incredibly large - but it isn’t infinite. 


Am infinity paradox 

\3th-century German mathematician Georg Cantor explored different ways to 
reach iiafiiaify, and found an interesting pair of facts... 



Lei A be a set of 
numbers: 
all the natural 
numbers. 


\, 2 , 3, 4. 5.... 
Us Set is infinite. 


Let B be another set 
of members: 
all the even numbers. 

2 , 4, 6, 8, 10... 
Us set is also 

infinite. 


Imagine two people counting 
out each set in unison: 

A: I, 2 , 3,4,5.... 

B: 2 , 4,6,8, 10... 

Both set? Lave the same 
Amount of number?. 


But set A contains all 
the odd numbers as well 
as the even numbers. 

Uis means set A is 
bigger than set B. 


Uis is an example of a paradox: two 
statements which are both true but 
also contradict each other. 





















WHAT ARE NUMBERS? 


Alternative do-anting systems 

Long ago, people developed all sorts of 
counting systems. Some are still in use today 


Symbols spaces 

About 5,000 years ago in Babylonia, where Iraq 
is today, people counted in 60s. They used 59 
different symbols for the numbers 1-59 and 
left a space for zero. For bigger numbers, each 
symbol's position stood for groups of 60s, 
or 60x6Os, and so on. 



This represents 2,327. 

The Ancient Egyptians read from right 
to left and had separate symbols for 
2 ,000, 300, 20 and 7. 



This number is 72. The 
first symbol stands 
for one group of 60. 

The next three symbols 
represent 12 units. 


*ZeVole$$ jfjgyptiajis 

Around 6,000 years ago, the Ancient Egyptians began 
to develop a number system using signs for 1-9. They 
didn't have a way to show zero, so they had to use 
different symbols to stand for groups of 10 s, 100 s 
and so on, as the Romans did. 


This counting system survives in the way 
hours are divided into 60 minutes, and 
minutes into 60 seconds. 


doubling with an aL&c?u$ 

There are many versions of an ancient 
counting tool called an abacus - some still 
in use in parts of Asia today. Each abacus 
has columns of beads, laid out in a grid. 

Every column stands for increasing 
quantities, for example units, 10 s, 100 s 
and so on, in the decimal system. 

This abacus shows 
the number 65,421. 

In the upper section, each 
bead pushed down adds 5. 


Numerals columns 

Over 3,000 years ago the Maya people in Central 
America counted in 20 s. They had numerals for 0-19. 
For bigger numbers, they wrote rows of numerals. 
The higher rows stood for groups of 
20 s and 20 x 20 s, like our 
10 s and 100 s. 


This represents 809. 

There are: 
two groups of 400 
no 20s 
and nine units. 



Ten thousands 


Hundreds 



In the lower section, 
every bead pushed to 
the top adds 1. 
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Menial blodk 


Doing aTilhtoelic? 


Some people are really good at 
doing mental arithmetic or 
sums in their heads. But not 
everyone finds this easy. 

Even some mathematical 
geniuses, such as Albert 
Einstein, struggled with this. 
So if you struggle too, don’t 
think that means you’re bad 
at maths. 


Perhaps the most common use for numbers is to do a 
kind of maths called arithmetic. Arithmetic combines 
numbers together using four operations: addition, 
subtraction, multiplication and division. 

Most people use simple arithmetic every day, for 
example adding up coins to pay for something, or 
working out how to divide a cake fairly. 


<Bel the oYdeY right 

Often, the quickest way to solve a number problem 
is to use a calculator But a calculator won’t give you 
the right answer unless you enter the numbers and 
symbols correctly. There’s a correct order for solving 
any arithmetic problem. Here it is: 


It can be tempting to use a 
calculator for every sum you 
see. But if you practise 
arithmetic, you’ll find that 
your brain is often faster 
than a machine. 


Brackets 

Powers and roots (see p. 24-25) 
Multiplication and division 
Addition and subtraction 



Brackets show which part of a calculation is meant to be 
done first. For example, consider 8 + 12 -s- 4 - 2: 






























































WHAT ART NUMBERS? 

Guess 

Sometimes, it’s useful to estimate, or guess, the answer 
to a sum. For example, if you’re shopping and want to 
know if you’ve enough money to buy everything you 
want, you can round up or round down the prices to 
numbers that you can add quickly in your head. This 
will give you an approximate answer 









=F!i 




(Exact answer: 

£14.97) 


If you need to do a calculation 
quickly, such as 1 8 X 22, you can 
just round the numbers to 
20 x 20. This sum is easier to do, 
and will give you an approximate 
answer that will be close to the 
exact answer. 

20 X 20 = 400 

(Exact answer: 18 x 22 = 396) 


(5-ueSstitosileS 


Most estimates are made by rounding off known 
numbers. But sometimes it’s useful to guess at an 
answer even if you don’t know the numbers. 

This is often called a guesstimate 

^ Do aliens exist? 

American astrophysicist Frank Drate wanted to work out how 
likely it is that there are any alien civilizations in our galaxy. 
To help answer this big question, he came up wi th a list Of 
Smaller questions. £ome of the ambers cam be estimated 
through observation, others retire guesswork. 


Even using very (ou 
guesses to answer each 
question, there could still 
be about four thousand 


Questions that can be estimated: 
a) How many stars are 
ttiere in the yalaxy? 

b) How many stars have planets? 

c) How many planets Support life? 


Questions that can be 0uesstirwated 

a) How many planets rvti^kt 
actually develop life? 

b) How many planets m\yht 
develop civilizations? 
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Every number, except I, 
bas at least 2 factors : I 
and \tself. 

Every even number 
[except 2) bas at least 3 
factors : I, 2 and \tself. 

factors of odd numbers 
are always odd. 
factors of even numbers 
can be odd or even. 





Nutoker friends 

Ancient Greek mathematician 
Pythagoras founded a community 
called the Pythagorean Order. Its 
members believed numbers could 
explain everything in the world. 

Two numbers they especially liked 
were 220 and 284. If you add up 
the factors of 220 (except 1 
and 220), you get 284. 

And if you add up the factors 
of 284 (except 1 and 284), it 
makes 220. 

Because they shared this strange 
link, Pythagoreans called them 
‘amicable numbers’. They 
symbolized friendship. 





Breaking down numbers 

Numbers can be broken down into one or more factors 
- numbers that divide exactly into them. Every whole 
number shares one factor: 1. But most numbers have 
other factors, too. For instance, 6 has factors 1, 2, 3 and 6. 


Finding factors 

To find all the factors of a number 
try dividing it by every smaller 
number: 1, 2, 3, 4 and so on. 

For example, the factors of 24 are: 



There aren't really any shortcuts to finding factors. 
But you can make the job quicker by listing 
them in pairs, starting from 1 and working up. 


Each of these pairs 
multiplied together 
makes 24. 


Factors of 



As soon as a number is 
repeated, you know you’ve 
found all the factors. 



using factors 

If you want to solve calculations containing big 
numbers, it helps to break the numbers down into their 
factors. For example, to figure out 24 x 3, you could 
change 24 into a factor pair such as 3 x 8. Now all you 
have to figure out is 3 x 3 x 8. This becomes 9x8, which 
is easy if you know your times tables. (The answer is 72.) 
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prime iramters 

Some numbers have just two factors - themselves 
and the number 1 These are called prime numbers. 
(The number 1 has only one factor - itself - so it isn’t 
considered a prime number) 

You can see which numbers are prime by drawing 
them out like this... 


Non-prime numbers 
make rectangles. 
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Prime numbers can only make 
rectangles if they’re all in a line. 







7 















3 




11 


Primes a.H<f Sedrets 

In the 1970s, a group of three US maths professors, 
known together as RSA, showed how prime numbers 
could be used to build uncrackable codes. The RSA 
method is now used to make online banking and 
shopping secure. 

The trick is to pick two very big prime numbers 
and multiply them together This creates one very, 
very long number This number can then be combined 
with a credit card number so keeping it hidden. 

The only known way to retrieve the credit card 
number is with the original primes. A computer testing 
every possible combination of known prime numbers 
would take decades to work out the answer 



Oeletrity 

IlUMter 


The ultimate building block 
number is 1. Vou can build up 
any whole number by adding 
together lots of 1 s. 

1 is also by far the most 
common number around. 
American physicist Frank 
Benford discovered that in 
almost any context - for 
example, on the pages of a 
| newspaper - numbers 
j beginning in 1 will appear 
nearly three times more 
often than other numbers. 


prime puzzle 

One of the strange things 
about prime numbers is that 
if you write them down in a 
list, they don’t seem to form 
any pattern. 

For thousands of years, 
mathematicians around the 
world have been trying to 
discover a pattern or rule to 
explain the sequence of prime 
numbers - without success. 





























































wHAT ARE NUMBERS? 



..AYE 




Arty Maths 

When artists draw a person, 
they often split the body up 
into fractions. This helps 
them check that each part 
is in proportion. 



3 i\$ of numbers 

As well as whole numbers, there are also bits of 
numbers, known as fractions. Fractions exist in the real 
world, too - for example, slices of a cake are fractions. 

The number on top of the line is called the 
numerator. This is the number of ‘bits’. 







Head = j of the total height 
Arms = f of the total height 
Legs = 7 of the total height 



The number below the line is called the denominator. This 
is the total number of ‘bits’ that make a whole number. 


M iXed-Mp fractions 

Proper fractions have a smaller numerator than 
denominator such as (nine twentieths). These are 
the types of fractions you will come across most often, 
An improper fraction has a larger numerator than 
denominator This sort of fraction can also be written 
as a mixture of whole numbers and proper fractions, 
called a mixed number Here's an example: 


Itt visible 
fractions 


I 


VA/bole members cav\ be 
wriffem AS frAchonS, foo. 
f or emrv\ pie, fbe rubber 
2. cav\ be uuriffem as j , 

n\Q.Av\ ilA0 fwO Omefb$ . Tbe 

V a\ fbe boffo™ \s LtnOwtn AS 
'fbe iinvisible demOrwimflfor 


1 becA^se yom dom'f mSmally 
wrife if dowm. 
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It’s the iaMe Irumjaet* 

There are many ways to write the same quantity in 
fractions. For example yf and y are all different 
ways of describing a half 

When doing arithmetic, it’s often easier to simplify 
any fractions first. But if you're describing something 
real, such as the number of people in a glee club who 
are left-handed, it might be more meaningful to say 
'5 out of 30', rather than simplify to '1 out of 6'. 


The smallest fraction 

If you kept cutting a loaf of bread into smaller and 
smaller fractions, the slices would soon crumble. 
Ancient Greek philosophers came up with the 
idea that if you keep cutting an object in half, you 
eventually get something so tiny it can't be cut again. 
They named this imaginary thing an atom’, 
which means uncuttable' 



But in the world of maths, there are no limits. You can 
take any number no matter how small, and divide it 
in half to get an even smaller number 3ust as there is 
no such thing as the biggest number only the idea of 
infinity or oo, so there is no such thing as the smallest 
number only the concept-^. 


Ijcpia .1 fractions 

Whenever you have a fraction, 
check to see if the numbers 
above and below the line have 
common factors - numbers 
that divide into both of them. 
If they do, the fraction can 
be simplified. 

For example, look at the 
fraction 

1 8 and 24 can both 
be divided by 6. 

There are 3 sixes in 18, 
and 4 sixes in 24. 


Soj|is the same as|-. 






Shrinking 

fractions 


Increasing the value of the 
denominator shrinks a 
fraction. If the numerator 
stays the same, but the 
denominator gets bigger, 
the fraction gets smaller. 
So j is smaller than j , j is 
even smaller, and ^ is 


smaller still. 
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WHAT AR£ NUMBERS? 





Mafting dedim&ls 

To turn a fraction into a 
decimal, solve the division 
problem described by the 
fraction. For example, y 
becomes 1 -^2, which is 0.5. 


Oh ahtf oh •a.iid oh 


Some numbers behave better 
as fractions than as decimals. 
J is a simple fraction. But as 
a decimal, 1 ^3 leaves you 
with 0.3333333333333... 

The 3s go on for ever. This 
number can be shown with a 
dot above the repeating 
number, like this: 0.3. It’s 
called zero point three 
recurring’. 


Gel Ihe point? 


Parts of numbers can be written as decimals as well 
as fractions, using a dot called a decimal point. For 
example, 0.1 represents a tenth, or the fraction-4. Each 
position after a decimal point is called a decimal place (d.p.) 
The first position after the point represents tenths. The 
second position represents hundredths - and so on. 




&■ 


># & 


Jfs & 
s &■' 




0 i,1 i 4 1 8 1 9 

Decimal point 



As a fraction, this number would be written 


1489 
10000' 


To multiply a decimal by 10, shift each digit across one 
column to the left. So, 0.1489 becomes 1.489. To divide 
0.1489 by 10, shift each digit one place to the right, and 
introduce a zero. So, 0.1489 becomes 0.01489. 


A redpe ratio 

Ratios are often used on food 
or drink labels: 



Mix 1 part concentrated fruit 
juice with 5 parts water. 


Comparing stuff 

Fractions can be used to compare different amounts 
of things. Another way of doing this is with a pair of 
numbers called a ratio. For example, imagine you and a 
friend did a job, but you think you did more work... 




If you worked three times 
as hard as your friend, you 
could express this with 
the ratio 3:1. It means for 
every three bits of work 
you did, your 
friend did one. 


To express this in fractions, 
you’d say he did - * of the work 
and you did 





































WHAT AR£ NUMBERS? 


All ato-at % 

The symbol %, or percent, means per 100’, or but of 
100’. A percentage is a kind of fraction that people use 
for all sorts of things, from exam results and savings 
rates to sale prices and measurements. 

For example, if 35 out of 100 wall tiles are green, 
you can say that ioo, or 35%, are green. 



All Ihe saMe 

Sometimes two numbers can 
look different when they’re 
actually just different ways of 
describing the same thing. 

How much of this circle is blue? 



These are all correct ways to 
answer the question. 


You can use percentages to describe any fraction. You 
just need to convert the fraction so that it has 
a denominator of 100. 


If 4 students out of a class of 20 Lave red La\r, 



Fraclioiis to 
pelVehl 


Vou can change any fraction 
into a percentage - just 
multiply by 100. 

To write as a percentage: 
J-w inn- i-ylO? 

10 X IUU - 10 x i 


_ 300 
10 


300-HO = 30, so^is 30% 


One way fo yef The answer is fo imagine how many 
redheads you'd have if There were 100 sfudenfs: 


I. If There were 5 classes 
of 20 sfudenfs, fhaf would 
give IOO stadenfs in fofal. 


2. If 4 in each class have red hair 
The n The fofal number of redheads 
would be 4 x 5, w hich is 20. 


3. £o The percenfaye of 
redheads in The original class 
is 20 ouf of 100, or 20%. 



Roman levy 

Using fractions of 100 has 
been common since Roman 
times. Roman Emperor 
Augustus introduced a tax of 
centesima rerum venalium, 
which meant ^ or 1 %, on all 
goods sold at auction. 

This is nothing compared 
to modern auction houses, 
which can charge the seller 
as much as 15% for every 
lot sold. 


































wHAT ARE NUMBERS? 


order, order! 

Mathematicians sometimes 
talk about orders of 
magnitude. This is a way of 
comparing the size of 
numbers, for example 1,000 
is one order of magnitude 
bigger than 100.10,000 is 
three orders of magnitude 
bigger than 10. Every extra 
zero means one extra order 
of magnitude. 


Rock kestrel: 33cm tall 



Elephant 3.3m tall 

3.3m = 330cm (see page 51). 
330cm is one order of 
magnitude bigger than 33cm. 

? m *ll § 

power? 

Amy Iraised fo fke 
power I wea^s simply 'ome 
Arwoutmf of fkaf iAmrwber . 

£o, for example, 6' = 6. 

Amy mmwber fo fke power 
-I becomes a fracfiox\ of 
ifself, fmowm as « reciprocal. 
f or example, 6“* = ~£. 

Amy mmwber raised fo 
fke power zero rv\eax\s 'ome 
drwommf of fkaf mmwber 
divided by ifself*. Tbe 
amSwer is always I. for 
example, 6° = I. 


Super powers 

One of the quickest ways to make a small number grow 
into a really big number is by using powers. 

Raising a number to the power 2, for example, means 
multiplying the number by itself This is also called 
squaring the number If you raise 2 to the power 2, you 
get two squared, which can be written like this: 2 2 

^ This is called the base: it’s 
the number that will be ^ 
multiplied by itself. 


/-This is called the power, or 
~ p Index: it tells you how many 

2 ^ lots of the base to multiply 
together. ^ 


The answer 4, is called a square number 

If you raise a number to the power 3, you multiply 
it by itself, then by itself again. This is called cubing and 
creates a cube number For example, 2 3 is 2 x 2 x 2 = 8. 



You can raise a number to any power When numbers 
are written using a base and a power its known as 
index form. It’s a useful shorthand for writing out 
very big numbers. For example, 8 to the power 6 is 
8x8x8x8x8x8 = 262,144. But it's much neater to write 8 6 . 
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powers of 10 

Really big numbers are often written in standard index 
form, which mean s the base number is 10. For example, 
you can write 2,310,000 as 2.31 x 10 6 . Each extra 
power of 10 increases the index by one, and moves 
each digit one place to the left. 

Scientists use standard index form to help them 
deal with vast numbers - such as estimating the 
number of stars in space (roughly 5 x 10 22 ), or the 
number of molecules in a teaspoon of water 
(roughly 1.65 x 10 23 ). 



The opposite of squaring a number is finding its 
square root. This is a number that you can multiply 
by itself to equal the original number The square root 
symbol is The square root of 9, for example, is 3. 
This is because if you multiply 3 by itself, it equals 9. 

You can also find cube roots, ]/~. A cube root is 
a number that can be cubed to equal the original 
number a/ 27 = 3, because 3 x 3 x 3 = 27 You can also 
have V", 5 f,T- or any other root. 


Tifty a.h<f huge 

Scientists often need to 
use ver 7 large or very small 
numbers. To write them, they 
use standard index form. 

To write a really tiny 
number, they use negative 
powers of 10. For example, 

0.002 becomes 2 x 10' 3 

0.00000000006 becomes 
6 x 10’ 11 . (The negative power 
number tells you the position 
of the number in d.p.) 

To describe large numbers, 
you can use names as well as 
index form. For example: 

A decillion = 10 33 

A vigintillion = 10 63 

A googol = 10 100 

A googolplex = 10 lo1 °° 

Written in full, a googolplex 
would be a one followed by a 
googol zeroes - a number so 
long there’s not enough paper 
in the world to write it on, 
even in the tiniest writing. 


TwO *£> 

SolnficmS: 


If yOM mulfiply fu/O ne^tffive 
numbers fo^efber, fbey 
make a posifive number. Tbls 
a number can Lave 
fu/o different scpaare roofs. 

For example, 2 2 = 4, and 
-2 2 = 4. £o fbe answer fo 
fbe <^uesfion '^Lak number, 
u/ben scared, is 4?’ is ±S. 




















WHAT AR£ NUMBERS? 


All kinds of irumters 




Some kinds of numbers are useful for describing things in the world. Some are 
useful to help solve maths problems. And some are ideas that mathematicians 
have invented. Here’s a reminder of some common kinds of numbers, and an 
introduction to some of the weirder ones. 

Walura] irutokeFS 

Natural numbers are whole numbers 
greater than zero. (Some mathematicians 
argue that zero is a natural number, too, 
but most feel that it doesn’t count.) 



Negative Iramkers 

Negative numbers are numbers 
less than zero. 


Positive Ira inkers 

Positive numbers are any 
numbers greater than zero. 




Fradions 

Fractions are parts of whole numbers. 

If a number is made up of a whole number 
and a fraction, it’s called a mixed number. 

Fractions and mixed numbers can be written 
as decimals, using a decimal point. 


Rational iramkers 

Any number that can be written as a 
fraction is known as a rational number 
because it can also be expressed as a ratio. 
Whole numbers can be written as fractions 
and ratios too, so they’re included. 


Irrational iramkers 

Some numbers can’t be written as 
fractions or ratios, so they’re known 
as irrational numbers. They can’t even 
be written exactly as decimals, 
because they’d need an infinite 
number of decimal places. 








































WHAT AR£ NUMBERS? 


9 10 

~t— 


Perfect h-UMters 

Some numbers have a special 
property. If you take all the number’s 
factors (except for the number itself), 
you find that they add up to make 
that number. The factors of 6 are 
1, 2, 3 and 6. 1 + 2 + 3 = 6, so 6 is a 
perfect number. The next perfect 
number is 28. So far, 47 perfect 
numbers have been found. 


Fetors aiicf primes 

Factors are whole numbers that divide 
exactly into a bigger whole number. 
Some numbers only have two 
factors, themselves and 1. 

These are called prime numbers. 



Infinity 


Prime numbers. 


c > 


If you could keep counting forever 
and ever, you would never finish. The 
word that expresses this idea is infinity. 


11 12 13 14 15 16 17 18 19 20 21 22 do 

-t—i—I—l—t—1—l—i—I—l—I—t. > 


Rea] Iratoters 

Real numbers are all the points on the 
number line. Any position you can point to 
represents a real number. They can be 
positive or negative, fractions or decimals, 
they include zero, rational and even 
irrational numbers. 



Imaginary numbers 

If you multiply two negative numbers together, you 
always create a positive number. This means that no 
negative numbers have a real square root. 

But mathematicians decided to 
invent a new kind of number based on 
finding -/-I, which is represented 
by the symbol i. These numbers are 
called imaginary numbers. Unlike 
any real number, you won’t find 
imaginary numbers on the 
number line. 
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EXPLORING TH£ WkVOWN 


The first symbol 

One of the first 
mathematicians to use a 
symbol to represent unknown 
numbers was Diophantus of 
Alexandria in the 3rd century. 
Diophantus used 
the symbol: . 


I 

* 

* 

CelebVily 
humbeY 

In 1637, French 
mathematician Rene 
Descartes wrote a book on 
arithmetic, including algebra. 
He picked the letters x, y 
and z to represent 
unknown quantities. 

The story goes that 
Descartes’ printer had lots 
I of spare xs, so he asked 
1 Descartes if he could use x 
| more often than y and z. 




The missing number 

(□ X 5) H- 3 = 10 or (? x 5) -s- 3 = 10 

What’s the missing number? 

In the questions above, the missing number is 
represented by the symbol □ or ?. 

Any symbol will do, although in 
algebra, you normally use 
letter - often an X. 

You might write the 
problem above like this: 

(5 x X) h- 3 

In a maths test, you might be asked to work out what x 
is. This means what number could you substitute 
for X so that the calculation still works?* 



Maying life easier 

Doing maths with letters as well as numbers might 
seem a bit odd at first, but it’s often easier than it looks. 


That's because much of algebra is really just about 
shuffling and rearranging words and numbers into 
much simpler clearer statements. 



















£-X"PL0RIN<3 THE VNkNOWN 


Wjieh do you use algebra.? 

Although you may not realize it, you use algebra 
all the time in maths - for instance when using any 
kind of formula, such as the formula for finding the 
area or volume of a shape. 



Tidying up 

Long sentences in algebra can take up lots of space. 
But there are ways to tidy them up. For example: 



3 x m becomes 3 m 

X w X ^ becomes Lwh 


Another handy tip is to 
group quantities of the 
same letter together 



Two sym bols 
together fbey 
are multiplied. 


3a + A-a — oia becomes 5a 
3 x (\ x 4 x b becomes \2ab 



The toeahing 
of algetra. 

1,200 years ago Arab 
mathematician Muhammad Ibn 
Musa al-Khwarizmi wrote one 
of the first books about algebra. 
It was called Hisab al-jebr 
wa’I -muqabala - meaning 
calculating by restoration and 
balancing’. 

When translated into Latin, 
the word al-jebr- meaning 
‘restoration’ - 



Algebra 

uM'fLoM'f X 



Algebra problem dort’f 
always bave art x irt 
fbem. Irt sums abouf real 
fbirtgs, ofber leffers are 
offert used. 

For example, irt a problem 
abouf a car: s mag sfartd 
for fbe speed of fbe car, 
d for fbe disfartce if 
moves, artd t for fbe fime 
if fakes fo move. 


These leffers cart be 
combined fo creafe fbe 
for^utla: ^ 

5 = ? 


If mearts 'speed ec^^als 
disfartce divided bg fime’. 
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^PLORING TH£ UNKNOWN 


algorithms 

Arab scholar al-Khwarizmi’s 
book on algebra was such a 
hit in medieval Europe, that 
his name came to be used 
for any general set of rules 
for solving a maths problem. 
In English, it gave us the 
word algorithm. 

An algorithm is a set of 
instructions that gives a 
specific result. The term 
is often used in computer 
programming, but it 
can describe any set of 
instructions, for instance the 
steps needed to fold paper 
into a plane. 





writing algetra. 

Statements in algebra can be broken down 
into smaller parts, called terms 
and expressions. 

A term is made of numbers and letters 
multiplied together such as 3x, 4y orl8z. 

When terms are joined with + or - , 
this is called an expression, such as 
3x + 4y, or 3x - 18z. 

Some expressions are so neat and 
compressed they need unpicking, 
or expanding. Here's a compressed 
expression: 3(x + y). Expanded, the 
expression looks like this: 3x + 3y. 

Either way, this expression can be 
used to describe the area of a rectangle 
that has a width of 3 and a length of x + y. 



t 

3 


Area 

Area 

A 

B 


<—x- 


Area = 3(x + y) 


Area A = 3x 
Area B = 3y 

Tofal area = 3x + 3y 


You can susbstitute numbers for x and y to find out the 
area of a real rectangle. For example, if x = 5 and y = 6: 

3(x + y) becomes 3x (5 + 6) = 3x11 
or (3 X 5) + (3 X 6) = 15 + 18 

Either way, the answer is 33. 
























































£JCPLORIN6 T HZ UNKNOWN 


wh&Vs Ihe point of expressions? 

Creating terms and building up expressions is useful 
for doing long sums that dont involve numbers. Here’s 
an example. 

The Oakley family go to a cafe and order their 
drinks in turn: coffee, tea, hot chocolate, coffee, hot 
chocolate. One child then changes her order from hot 
chocolate to milk, and another from tea to milk. 

The waitress writes in her notebook: 

C+T+H+C+H-H+M-T+M 



Each item costs a certain amount of money. Eut rather 
than writing out the prices on the bill, the waitress 
simply writes: 

2C + H + 2M 

She has grouped all the like terms together When 
Mrs. Oakley goes to pay, the cashier simply substitutes 
the correct price for each letter 

This is what algebra is about - simplifying things. 



There are a few golden 
rules about how to multiply 
and simplify expressions. 

TPis will kelp you find tke 
answers to lots of questions. 

a x a = a a ^'a squared’, 
3a x 2 = 6a n0 ^ two a 


axSxbxa- 2a 2 b 


The number goes 
first, tken tke letters 


= a x a x a 


Add tke powers 


X, y ahrf z 

In algebra, ‘x’ is often used for 
the first unknown in a problem. If 
a problem already has an x, y is 
used for the next unknown, 
then z. 
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EXPLORING THE uUftHOwH 



Simple subs tiValion 

Lots of maths problems can be solved using a formula. 

You may remember the formula for working out speed 

(see page 31). speed = distance divided by time, or s = | 

If you know the distance and time, you can work out the 

speed. Here's an example: 

If James runs 100 metres in 16 seconds, how fast does he run? 

Substitute 100 for d, and 1 6 for t, into the formula s = | and you get: 

s = — = 6.25 metres per second. 

1 6 



No matter number you start coitk, tke 
answer is 2. B^t bow does ttas ^ orb? 

Algebra has the answer. 

Tki? is wbtct tvappeiAS tokei^ follow 
ibe instructions: 


1. Think of a number: n 

Z. Double it: Zn 

3. Add 6: 2n +6 


5. Divide by 3: (3n + 6) 3 = n + Z 

6. Take away the first number (n): n + Z - n 

= Z 


4. Add the first number (n): 3n + 6 

All tUt’s left is 2, no matter wb<\\ number n is. 
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EXPLORING THE UNKNOWN 


£cf-a?diohs 

Doing algebra usually means turning problems into 
equations. An equation is a mathematical sentence that 
tells you that two expressions have the same value. 

For example, 5x = 3x + 6. 

To find the answer you have to solve the equation 
- which means finding the missing value, x. Sometimes, 
it’s quickest to try different numbers forx. Other times, 
it’s easier to rearrange the equation. (You can find out 
how to do this, and see the answer on page 36.) 


Turning wore is into maths 

The best way to start turning a problem into an 
equation is to set out what you know as simple 
mathematical statements. For example, Arthur Fred 
and Ollie buy two balloons each at a fair Afterwards, 
the balloon man has eight balloons left, but how 
many did he start with? 

You could draw a picture 
and count the balloons, 
but it might be quicker 
to use algebra. 

Substitute x for the number 
of balloons the man started with. We know that: 

a) each boy buys 2 balloons, making 6 balloons in total. 

b) x minus 6 leaves 8 balloons. 

Putting this into algebra gives: x - 6 = 8, 

so x = 14 

Word problems should always have word solutions. 
So the final answer is: 

the man started with fourteen balloons. 



* — 

The oldesl 
algetra. pro&lelns 
in the -world 

Around 3,500 years ago, 
Ancient Egyptians showed 
how to solve problems about 
unknown quantities they 
called ‘heaps’. 

These problems have 
survived in a scroll known 
as the Rhind Papyrus - the 
oldest maths book in the 
world. Here’s one of the 
problems: 

Rhind Papyrus: problem 24 
what is the value of a heap, 
if the heap and a seventh of 
the heap is 19? 







EXPLORING THE uNfcNOwN 


Ba.]a.lidilig a.<:l 

Algebra inventor al-Khwarizmi 
described algebra as calculating by 
‘restoration’ and ‘reduction’. 

For al-Khwarizmi, restoration 
meant keeping the equation 
balanced by restoring or adding 
the same value to both sides. 

So A = B - C becomes A + C = B by 
adding C to both sides. 

Reduction meant keeping 
the balance in an equation by 
reducing or subtracting the same 
value from both sides. So A = B + C 
becomes A - C = B by subtracting C 
from both sides. 


Rearranging the ecpaation 

Some equations are easy to solve by rearranging them, 
so that one letter is on one side of the equals sign, and 
everything else is on the other side. 

Here's an example: 

® 5x = 3x + 6 

Subtract 3x from . 

both sides, giving: v 

2x =6 

Divide both sides . 

by 2, giving: T 

x = 3 



Whenever you rearrange an equation, follow this 
golden rule: whatever you do to one side of the 
equation, you must do to the other side. 

Seed problem 



If you, solve <\v\ ecjuiafiotn 
wflmf fo check you,r Answer, 
you, am snbsfiK,fe if hack 
imfo ihe oriyimal equ,afiom. 

F or example, 

2.x + 6 = 16, 4md you, fimd 

fkaf x = 5. Does H>'»S work? 
Well. (3. x 5) +6 = 16 is W, 

So tke fltnSuver is correcf. 


Jessie has a packet of 100 seeds, a mixture of beans, 
spinach and carrots. The packet says there are 20 more 
spinach seeds than beans, and twice as many carrot 
seeds as beans. But how many of each seed are there? 
Here’s a way to find the answer using algebra. 

• # 

If the number of bean seeds = b, 
the number of spinach seeds = b + 20, 
and the number of carrot seeds = 2b 

Adding all three makes 100 seeds, so b + b + 20 + 2b = 

First, collect the like terms: 4b + 20 = 100 
Now, rearrange the equation: 4b = 80 
Rearrange again: b = 20 

Use substitution to get the final answer: 
there are 20 bean seeds, 40 spinach 
seeds, and 40 carrot seeds. 













EXPLORING THE UNKNOWN 


Two -uiiltiiowiis 


All together now 


Some equations have more than one unknown, and 


can even have more than one possible set of answers. 





Tree A 


Tree E 


Yom could figure fbis onf by creating fwo ecjuM\ov\$: 

Lei free A Lave x birds, and free B Live y bird*. 


(i) f elk *s fUf x + 1 = 2(y - i) 

Remove the bracked fo gef X + I = 2y - 2, 
^iwplifg fo gef X = 2y - 3 


U) fell* ms ihai X - I = y + I 
Amplify fo gef X = y + 2 





X = 2y - 3 and X = y + 2, 
So 2y - 3 = y + 2 


X = 5 + 2 = 7 


y - 3 = 2 
y = 5 



final answer: free A surfed with 7 birds; free B sfarfed wifb 5 birds- 'J'fgg g ® 
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Fly oh the ceiling 

Graphs are based on an 
idea invented by the French 
mathematician Rene 
Descartes. The story goes 
that, while Descartes was in 
bed one day, he noticed a fly 
crawling across the ceiling. 


Descartes thought about how 
to describe the exact position 
of the fly to another person. 
He came up with the idea of 
giving its distance from fixed 
horizontal and vertical lines. 

He called the horizontal 
line the x-axis and the 
vertical line the y-axis. 

That’s why graphs have an 
x-axis and a y-axis. 



Drawing equations 

Another way of looking at equations is to draw a 
picture of them, called a graph. Some equations form 
straight lines, others form curves. 


lines 

When an equation simply has x or y as a fixed number 
it produces a vertical or horizontal straight line. 

For example, look at these two graphs: 


y-axis 

3-1 


2- 

I- 


This graph shows the equation X = 2. 

^ Every point on this line 
has the value X = 2. 


; <( 2 , 2 ) 
'( 2 , 1 ) 


This graph shows 
the equation y = 3. 

(0,3) (1,3) (2,3) (3,3) 

~ -* -!-* -*- 

f 

V Every point on 
this line has the 
value y =3. 


J K2,o)-r- 

3 

X-axis 


T“ 

4 


^r* 

2 


—i 

4 



Linear ecf-aatiohs 

An equation that gives a simple link between x and y 
makes a straight, but sloping line. For example y = 2x + 1. 

To draw this on a graph, start by drawing up a table, 
substituting different numbers forx to work out the 
corresponding y value. 

Table of solutions to the equation: y = 2x + 1. 



X 

-2 

-1 

0 

1 

2 

y = 2x+ 1 

-3 

-1 

1 

3 

5 


Try c\ feuo meg^five 
iAM^berf, ioo. 
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Next, draw an x-axis and a y-axis and number them. 
Use each pair of values in the table as coordinates, 
and mark them as crosses. Then, draw a line that runs 
through all the crosses. 



A simple d-arve 

Equations that contain an x 2 make a curve. For 
example, here’s what happens if you plot the graph 
of the equation y = x 2 + x - 2. 


Table of solutions for: 


X 

-2 

-1 

0 

i 

2 

\j = x 2 + x - 2 

0 

-2 

-2 

0 

4 



Any old lihe 

Any straight line can be written 
as an equation using letters like 
this: y = mx + c. 


P ,: 


^ m is the slope or 
gradient of the line. 


‘ c is the 


the number where the 
line crosses the y -axis. 


Area equations 

Any equation that includes x 2 , 
and no higher power of x, is 
called a quadratic equation. 
Some of the first people 
to describe them were tax 
collectors in Ancient Babylon. 
They used them to calculate 
a certain proportion of the 
total area of a field, so they 
could charge farmers the right 
amount of tax. 






















EXPLORING TH£ UNKNOWN 


Re&l duYVeS 


Scientists often use equations and graphs to model 
real things such as the flight path of a rocket or the 
shape made by a beam of light. 



Rocket route 

The equation: 

h = -t 2 + 10t + 1 6 makes a 
parabola. This kind of equation 
models the path of a rocket, 
where h describes how high 
the rocket is, and t shows how 
much time has passed since 
the rocket launched. t- 


h 



Moving in a circle 

The equation x 2 + y 2 = 4 makes a circle. 


Beams of light 
The equation: 

x 2 - y 2 = -1 makes a broken 
pair of curves called a hyperbola. 

This kind of graph models the 
shape made by light shining from 
an overhead lamp. 




Spirals 

17th-century mathematician 
Jakob Bernoulli uncovered a ft"]*'/ 
complex equation that created 
a spiral matching the pattern 


on a snail shell: r = ae 1 


ibQ 


W'xVeS of SoMhd 

Sound travels through the air in a wave 
of pressure known as a sine wave. Here’s an 
equation to draw a sine wave: y = Asin(kx). 
A describes how loud the sound is, and 
^ k describes its pitch. 


This creates a 
wiggly line graph. 









































£*PLORlN<3 TH£ UNKNOWN 


Drawing a 
SecfUeh Ce 

The numbers 1, 3, 6, 10 are 
the start of a sequence 
called triangular numbers. 

Vou can see why theyVe 
called triangular if you draw 
them out using dots, 
like this: 

1 • 3 

6 • 10 * # 

• • • • • 

• # • • • • • 

To build the next triangle, you 
have to add another row of 
dots. The bottom row always 
has one more dot than the 
row above. 

The first triangular 
number is 1 

The second is 1 + 2 = 3 

The third is 1 +2 + 3 = 6 

The fourth is 1 + 2 + 3 + 4=10 

To find the fifth triangular 
number, you could start with 
the fourth triangular number, 
then add 5. This is the same as 
adding up all the numbers from 
1 to 5. 

1 + 2+ 3 + 4 +5 = 15, the 5th 
triangular number. 

To find the 50th triangular 
number, add all the numbers 
from 1 to 50 - or turn to page 
45 to find a quicker way... 


Seeing patterns 


Algebra is an excellent tool for 
describing patterns and relationships. 
A list of numbers that follows a 
pattern is called a sequence 



Some patterns are easier to spot than others. 
Have a look at this sequence: 

2 7 12 17 22 27 32. 



The pattern is that each time 5 is added to get the next 
number Here's a trickier sequence: 

3 6 11 18 27 38 51... 


One way to find the pattern here is to look at which 
numbers are being added between the terms. In this 
example, each term is created by adding the next 
biggest odd number 


+3 +5 +7 +9 +11 +13 

3 ~Y"'1 r*18^*27^38^51 


Sequences don’t have to be about numbers. Can 
you see what shape comes next in this sequence?* 



42 


Tke answer on page 93. 






























EXPLORING THE UNKNOWN 


An easier way 
to acfcf 

Fibonacci was the first person in 
Europe to write a maths book 
using Hindu-Arabic numerals. He 
found them much easier to use 
than Roman numerals. 

His Book of Calculation, 
published in 1202, persuaded 
other mathematicians in Europe 
to try them. These numerals are 
what people use today. 

mm 



Fibonacci 
everywhere 

One amazing thing about the 
Fibonacci sequence is that it 
appears all over the place in 
nature. For example, the 
bumps on a pine cone fan out 
in spiral shapes that follow a 
Fibonacci pattern. 



The pine cone has 8 
spirals going one way 
(marked in yellow) and 13 
the other (marked in 
blue). 8 and 13 are 
consecutive numbers in 
the Fibonacci sequence. 


pajitestid Fibolia.ddi 

One famous sequence is named after Italian 
mathematician Leonardo Fibonacci, who 
wrote it down about 800 years ago. The 
first two terms are 1 and 1. Then the 
rule is: create the next term by adding 
the two previous terms together So, 
the numbers grow rapidly. 

Fiboh^ddi squares 

The Fibonacci sequence describes certain 
shapes, too. Look at this set of squares: 




A curious thing happens if you draw a curved line 
through each square: you create a spiral. 

Many creatures, such 
as snails, grow shells 
in stages that follow 
the same pattern as the 
Fibonacci sequence, and 
so end up in a spiral. 


f 
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S-XrpLORItfG TH£ VNkNOwN 


Asto missing o\^om 


Carl Gauss was oi^e of the greaiesf mathematicians of the I8fb and I9fb centuries. 
\A)hen he was onl\j ten years old, he >s said to have astounded his teacher and 
class mates by coming up u/itb a lorilliant solution to a maths problem. 



TUe teacher set the class the task 
of adding up all the numbers 
from one to a hundred. He 
thought this would take them 
at least half an hour. 

&ut within rwittuteS. 

Gauss had the answer. 


Here's how he did it: 



I. first, he looked at triangular numbers. 


• m 

3 


10 is the number of dots in a 
' friable with sides of 4 dots* It's 
also the answer to the Sum 
I + 2 + 3 + 4. 


2. Gauss S#w that if you have a triangle u/itb 
Sides of 4, you can put two identical triangles 
together to make a rectangle with sides 
measuring 4 dots wide and 4 + I dots long. 

3. The number of dots i* the rectangle is 
4 x (4 + I). 

The number of dots ir> each triable is 
I + 2 + 3 + 4 

There are two triangles i* the rectangle, 
so 2 x (l + 2 + 3 + 4) = 4 x (4 + l). 

Or, rearranging the e^uatio^, 

(I + 2 + 3 + 4) = 4x(4+l) 

2 

4. Gauss then turned this into a rule for 
adding up all the numbers to the n^ term: 

I + 2 + 3 + ... +w = r\x(r\+l) 

2 



5. To solve the teacher’s problem, he 

Substituted 100 for n: 

£o I + 2 + ... + 100 = 100 x 101 = 5050 
2 
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Part y 

Sh^pe, spa.de 
measurement 



Examining the size and shape of things is very 
important in everyday life. For example, if a truck 
driver knows how tall and wide the truck is, she’ll 
know whether it will fit under a low bridge. 


Most objects, from a sleek sports car to an 
enormous blue whale, have uneven, irregular 
shapes - making them tricky to measure accurately. 
Hut even irregularly shaped objects can be broken 
down into regular shapes, which can be analysed 
following mathematical rules. 





























SHAP£, SPAAND M^ASuR^M^NT 


Geometry 

The mathematics of shapes 
is called geometry, which 
means ‘world measure , in 
Greek. Ancient Greeks gave it 
this name because they used 
maths based on shapes to help 
answer questions such as 
‘how big is the Earth? , 


Shape up 

All objects have size and shape - whether they're as 
large as planets or as tiny as atoms, regular like boxes or 
irregular like hands. 

Everything takes up space, too. You can use words 
to define shape, and numbers and measurements to 
describe an object’s size, and how much space it takes up. 



Find out how one man 
calculated the circumference 
of the Earth, on page 63. 


Euclid 1 $ Zlelnelils 

Ancient Greek scholar Euclid is 
known as the father of geometry. 

He wrote a famous study of 
geometry, Elements, around 2,300 
years ago. In it, he examined 
circles, triangles, cones and 
pyramids, as well as ratios and 
proportions. It was used as a 
textbook for over 2,000 years. 



Plat shapes 


A flat drawing of a shape is called two-dimensional, or 
2D, because it has two dimensions: length and width. 


Shapes with three or more 
sides are called polygons. 



Shapes are regular if all their 
sides are the same length, and 
all the angles inside are equal, 
like this square. 



regular or irregular, is 
called a quadrilateral. 


4 . 


n 

v\ 

These are irregular y — » • \ \ 


Circles and ovals are made of continuous curved 
outlines. Vou could think of them as one-sided 
shapes. Some mathematicians think theyVe 
actually polygons with an infinity of sides which 
together give the appearance of a curve. 



























SHAPE, SPACE AND MEASUREMENT 


Sojicf shapes 

Solid shapes, such a 5 balls 
or boxes, are described as 
three-dimensional, or 3D. 
They have length and width 
like 2D shapes, but they also 
have a third dimension - 
depth. Here are some 
common examples: 



Extra, dimensions 

This line has just one dimension, 
usually written as X. 


--— X 

This square has two dimensions, 
usually written as X and y. 


s 


x 



Rea.] okjedls 


Truly 2D objects are very rare in the real 
world, as most things have thickness. Eut 3D 
shapes are everywhere... 



This cube 
has three 
dimensions: 
X, y and Z. 



Although our universe is 3D, 
some people have tried to 
imagine what it would be like 
to have more dimensions. 

In the late 19th century, 
British mathematician Charles 
Hinton imagined adding a 
fourth dimension to a cube, 
creating a shape he called a 
tesseract. 

It’s vei 7 hard to visualize a 
4D object in a 3D world. This 
computer drawing of a 
tesseract, also known as a 
hypercube, pictures it as a cube 
trapped within a cube. 
























Measuring shapes 

Being able to measure flat and solid shapes, to find out their 
dimensions, mass and volume, can be incredibly useful. 
Imagine youre building a new sports complex... 


Ill 



How much paint will you 
need for the walls? Vou 
need to work out the area. 
Area of a rectangle = t w 


How many bricks will you need to 
build the outer walls? Vou need 
to work out the area of each 
wall. If it's a curved wall, it 
might be easier to break it 
up into smaller sections. 

n 






How many exercise machines 
do you need? Vou , ll need 
to research which types 
of machines will be most 
popular, and measure how 
many of them will fit into 
the gym. 




How many cars can you fit 
in the car park? Work out 
the total area of your car 
park, then divide by the 
amount of space needed 
for each car, including 
space for access. 



How much water will you need 
to fill the pool? Work out the 
volume, or the amount of 
space, inside the pool. 
Volume = t w d 




Once you know the volume of 
water, use a ratio to work 
out how much chlorine you 
need to add to it. 
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SHAPS, SPAd£ AUD MEASUREMENT 


Useful units 


Mixed Me'diSMVes 


Different things are measured using different units 
- for example, length can be measured in metres (m) 
and centimetres (cm), and mass in kilograms (kg) and 
grams (g). Each unit belongs to a certain type 
of measurement, so when you see it you know 
what’s being measured. 



You can describe the same measurement in different 
ways. A plank that’s 150cm long can also be said 
to have a length of 1,5m, or 0.0015km, or 1500mm. 
These numbers all describe the same length, although 
the last two are so unwieldy you probably wouldn’t 


use them. Different orders of magnitude (see page 
24) suit different units. Some things are so very big 
or small that special units have been 
invented to describe them. 


/ 


Uaht 


moves so 


f\tomS are 

incredibly SmtilL T he 
Smallest atoms each measure 

just 62 xlCH^m across. It's 

easier to say they are 62 
yicometres wide. 


c\uickly that in one year, 
it will travel over 9 x I0 15 
metres, or 9 p etametres. 


A byte i£ a unit of 

computer memory. A new 
Upfop miyht have 4 terabytes 
of memory - that's 

4 x I0 12, bytes- 
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The metric system dates from 
1799. It uses units such as 
g, kg, cm and m. 

Some countries use another 
system of measurement called 
the Imperial system. This gets its 
name from the British Empire, 
and was originally created 
to standardize systems of 
measurement across the Empire. 
But it’s not standard between 
different types of measurement... 


There ar e 1 6 o unces 
in a pound, 

14 pounds 
in a stone, 
and 12 inches 
in a foot. 



unique unit 

A smoot is a unit of length 
named after Oliver R. Smoot. 
M smoot’ is the length of 
Oliver’s body, which his 
university friends used to 
measure the length of 
Harvard Bridge in Boston. 

The bridge was measured 
as 364.4 smoots long, which 
is actually 620.1m. 


= 1 smoot 


Coincidentally, Smoot later 
became head of the American 
National Standards Institute, 
which makes decisions on 
units and measurement. 






















SHAPS, SPACS AND MEASUREMENT 


Fair guess 

Fairs and carnivals often hold 
competitions based on 
estimating measurements. 
For example, how many 
sweets are in this jar? Here’s 
a tip: count the sweets on 
the bottom layer. Then count 
the number of layers. 
Multiplying these 
numbers will get 
you pretty close 
to the real answer, 
so long as there 
aren’t any huge 
jawbreakers hiding 
in the middle. 


do-anting fbdts 

Birdwatchers often like to 
count the number of birds in 
a flock. This isn’t easy, 
especially if the birds keep 
moving. The best way is to 
count a small group of birds 
in an imaginary block. Then 
estimate how many times 
this block shape fits into the 
whole flock. 


To get a more accurate result, 
you could do the same thing 
two or three times, and work 
out the average. 



Ijstimsdiiig tn-e^SMYelnehls 

Knowing simple maths about shapes can help you 
make quick calculations about crowds. For example, 
imagine you see a squadron of alien invaders pouring 
out of a spaceship, and you want to work 
out how many alien soldiers 
there are... 


If the aliens are standing in a 
roughly rectangular-shaped group, 
you could calculate the area of 
the rectangle. 

Area = width x length 

5 aliens wide and 6 aliens deep 
gives an estimated total of 30. 
There are actually 2 extra, smaller 
aliens squished in there so the 
real total is 32. 





6 aliens long 


5 aliens wide 


Re^l -world estimates 

If you know how long it takes to walk a typical journey, 
say from your house to a friend's house, you can use this 
to estimate how long another walk would take. 

Don't forget that in real life no two walks are the same, 
so you’ll need to account for extra variables in your 
estimate. For example, another journey might go up a 
steep hill, or you might feel tired that day. But an estimate 
can still be a useful rough guide. 

Vour house 



Time to walk red route = 11 mins 


Time to walk blue route = 23 mins 























SHAPE, SPACE AND MEASUREMENT 


Pacing -up puzzle 


Packing shapes neatly into a box is a kind of maths 
problem. Hundreds of years ago, people in China 
turned this sort of shape problem into a puzzle 
known as a tangram. 


TanyramS are a combination 
of Severn stapes, called f*ms, 
cut out of a sc^re: 



Can you see taw fo use the seven 
ftfmS fo m^fe one bi 0 fri^mgle? 



p^^e 93.) 



ftildieh guesses 


Recipes often list precise 
amounts of each ingredient, 
usually in units of weight. But 
experienced cooks know how 
much space a particular weight 
of flour or butter normally 
takes up, so they can estimate 
the quantity without using a 
set of scales. 


Rsiimf proble m 

If (\ pot of ptfimf will cover c\n arec\ of GOm°^, how pofs will yout need fo p^imf this 

room? Youi doin’! need fo ptfimf the floor, ce ilimg, door or window. 


Wall A = 10m X 3m = 30m 2 
Wall B = 15m x 3m = 45m 2 
Wall C= 10m x 3m = 30m 2 
Wall D = 15m x 3m = 45m 2 
Door = 1m x 2m = 2m 2 
Window = 2m x 2m = 4m 2 


Exact calculation: 

Walls A + C = 2 ( 10 m x3m) = 60m 2 
Walls B + D = 2(15m x 3m) = 90m 2 
Total wall area = 150m 2 
150m 2 - (door + window) 

150m 2 - (2m 2 + 4m 2 ) = 144m 2 
144m 2 4- 60m 2 = 2.4 

; 

You need 2.4 pofs, so you’ll meed 
to buy 3 pofs of ptfinf. (And you 
should tave 0.6 of a pof left over 
fo fix any rwisfflfes.) 



Sketch of 
room to ptfii 


Estimate: 

Alternatively, for a rouyh estimate, 
you could work onf the area of the 
biyyest wall and mu Itiply by 4. 


4 x (3m x 15m) = 180m 2 
180 - (door + window) 

180 - (2m 2 + 4m 2 ) = 174m 2 
174m 2 -s- 60m 2 = 2.9 

Uis meftad Suyyests you’ll need 
about 2.9 pofs, so you’ll need to buy 
3 pofs of paimf - which is correct. 
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SHAPE, SPACE AND MEASUREMENT 



Maths for farmers 

Some of the first people to 
study circles were farmers in 
Ancient Egypt and Babylonia. 

They found a link between the 
circumference and diameter 
of circles, and calculated 
it as about yp (3.16) or -y- 
(3.125). 

They used this to figure 
out how much of a particular 
crop would grow in their 
circular fields. 


JT orT ? 

Jt represents the number that 
defines the relationship between 
a circle’s circumference and its 
diameter. A number called tau 
(t) defines the link between 
circumference and radius. 

X is 2 x Jt, or about 6.28. 

X can be more useful than Jt. For 
example the circumference of a 
circle is defined by the formula 
2x JT x radius, but it’s quicker to 
say circumference = T x radius. 


Going in dr des 


Circles are everywhere. 



Because circles are so common, mathematicians have 
spent thousands of years studying them. They've cut 
them up and named different lines and slices. 



No matter how big or how small a circle is, if you 
divide its circumference by its diameter you always get 
the same number It's known as pi - or by the symbol 



Jt - a name given to it by the Ancient Greeks. It’s an 
irrational number usually rounded 
off to 3.14. 


In 2011, a supercomputer 
in Tokyo calculated Jt to 
a billion decimal places. 
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SHAP£, SPACE AND MEASUREMENT 


Celebrity hum bet*: jt 

Jt turns up in lots of mathematical 
definitions about circles. 





Ancient Greek mathematician Archimedes used n to 
work out properties of cylinders and spheres. 


Surface area of a cylinder = 2Jlr 2 + 2Jtrt 
Volume of a cylinder = Jtr 2 t 
Surface area of a sphere = 4Jlr 2 
Volume of a sphere = ^JTr 3 


But beware, Jt is irrational and can’t be written as an exact 
^ number, so any maths done using Jt is only ever an approximation. 

Turning around 

Circles help describe turns, or angles, 
inside shapes. The amount of turn is 
measured in degrees. Turning around 
in a full circle is defined as 
360 degrees or 360°. 


You can describe a turn or angle 
as a fraction of a full circle. Some 
angles have particular names: 


Less than 90 
degrees: an 
acute angle 




ti 


More than 90 degrees, 
less than 180 degrees: 
an obtuse angle 


More than 180 
degrees: a 
reflex angle 


Exactly 90 
degrees: a 
right angle 


Architn.e<ieS JT 

For a long time Jt was known 
as Archimedes’ constant, named 
after Ancient Greek genius 
Archimedes. He figured out an 
accurate way to estimate the 
value of Jt over 2,200 years ago. 



He calculated the area of both 
polygons, and used these to 
estimate the area of the circle. 
Then he worked out Jt using the 
formula Jt = K. 


Archimedes calculated Jt as 
3.14185. Modern calculators 
round it off to 3.141592653 - 
so he wasn’t far off. 
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SHAPE, SPACE AND MEASUREMENT 


Thales a.Ji<i 

pyramids 

Thales was an Ancient Greek 
philosopher who lived about 
2,600 years ago. He wanted to 
know how high a pyramid was, 


Triewith triangles 

Triangles are three-sided shapes and get their name 
from the fact that they contain three angles. The branch 
of mathematics that deals with angles and triangles is 
called trigonometry. It's also used to study shapes with 
curves, such as circles and waves. 


but it was too tall to 
measure easily. 

He saw that at a certain time 
of day, the length of his shadow 
equalled his own height. So, to 
calculate the pyramid’s height, 
he measured its shadow at that 
same time of day. 



Triangle basics 

There are four main types of triangle: equilateral, 
isosceles, scalene and right-angled. Whatever the type 
of triangle, its angles always add up to 180 . 

Triangles can form different kinds of 3D solids, 
including triangle-based pyramids, square-based 
pyramids and triangular prisms. 


Equilateral triangle - three 
equal sides and angles 


Scalene triangle - no 
equal sides or angles 


Vertex 

(corner) 




Right-angled 

triangle 


Isosceles triangle - two equal 
sides and two equal angles 


Base 



One angle is 90° 



Volume of any pyramid = 
y x base area x perpendicular height 



Volume of triangular prism 
= area of triangle x length 
































SHAP£, SPAd£ AND MEASUREMENT 


donstr-uctiiig a triangle 


1. Draw ov\e ofike kno von $ides. 

2. M?e a protractor to ™arf ike 
Fiaowia anqle at o^e ei^d. 

3. Draw fke ofker Fiaowia side iw ike 
direction of fkis atAgle. 

4. Conned bottv liiAes to for™ 
ike final side. 



It’s easy to draw a triangle if you know how long all 
three aides are. Hut you can also construct a triangle 
if you know the length of two sides and the angle 
between them: 


Or if you know one side and two angles: 


1. Draw ike Fiaowia side. 

2. Mse a protractor to mark ike 
tiAOwm angles at eack er>d. 

3. Draw (otA 0 li^es ua ike direction 
of bofk angles. 

4. 7T>e lines will cross at ike final 
corner of ike Triangle. 



Map a location wilJi triangulation 

Surveyors calculate the lengths and angles of triangles 
to draw more accurate maps - a process known as 
triangulation. Here’s how it works: 



The surveyors choose three landmarks. After measuring one distance and 
two angles, they can plot a triangle and calculate the remaining distances. 
Then they pick a new landmark, and create a new triangle in the same way 
“ until they’ve mapped out a whole area. 


Triangle theorem 

One of the most famous triangle 
facts is about right-angled 
triangles. It shows how the lengths 
of the three sides are related: 



In Europe, the theorem is named 
after Ancient Greek mathematician 
Pythagoras. He proved it about 
2,500 years ago. In China, it’s named 
after mathematician Shang Gao, 
who came up with it independently 
about 2,200 years ago. 


Catching croofcs 

Police officers sometimes 
locate criminals by 
triangulating signals from 
their mobile phones. First, the 
phone company traces the 
phone’s unique signal. Then, 
they find out which three 
phone masts are nearest to 
that signal. 



The strength of the signal 
between each mast and 
the phone can pinpoint the 
phone’s exact location. 
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SHAP£, SpAdj; AWP M^ASuRSM^NT 



Coordinates 



in Z>T> 

To plot a 3D shape on a grid 
you need to use 3 axes: X, y 
and Z. And to locate each 
point on the shape, you will 
need an X, y and Z 
coordinate. 


Super Stale 

To make a drawing of something 
big fit onto a sheet of paper, you 
need to reduce all the dimensions 
by the same amount. This is called 
drawing to scale. 

This is important for creating 
accurate maps. Maps have little 
keys that explain the scale using 
ratios, so you can figure out what 
a distance on the map would 
be in real life. 



Representing shapes 

Knowing how to draw shapes accurately allows 
architects, artists and computer programmers to 
create images of 3D things - from cars to palaces to 
alien worlds. ^ _ 

A designer has used 
computer-generated 
shapes to build up a 
basic image of a car. This 
makes it easy to make 
design changes and see 
how they might look. 


When architects design a building, they begin by 
drawing a plan and elevations. A plan shows the view 
of the building from above. An elevation shows what it 
looks like from the front or the side. 


nr 



| 

j 

m 

io 

i M 1 
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1 Plan 

Side elevation f 

ront elevation 




An actual building, or a 3D 
model, looks very different 
from its plan and elevations. 
This is because you see 
different parts of it 
from different 
points of view. 


Side view 


1 cm on this map 
represents 1 km in 
the real world. 
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Front view 






































SHAP£, SpAdS AtJD MSASURSMENT 






Netting shapes 

If you cut along some of the edges of a 3D shape, 
such as a box, and unfold it out flat, youd make 
something called a net. See if you can match 


A_B 

A + B 

The ratio of A:B is the same as 
the ratio of A+B: A. 


A 3D representation of an object is called a model. It 
might be the engine of a plane, a building, a sculpture 
or even a scene in a virtual reality game. 

Designers of computer games use mathematical 
programs to analyse elevations, plans and nets from 
illustrations or photographs. This information is then 
used to recreate objects as images on screen. 

Mathematical models can be perfect, but they can 
only ever approximate things in the real world. For 
example, a model of a brick wall might be perfectly 
smooth, but no brick wall is perfectly smooth in reality. 
This is why some virtual reality images look very fake. 


The golden ratio was used to 
build sections of the Mosque 
of Uqba in North Africa, such 
as the minaret shown here. 


Model maths 


deletrily 

Iralnker 


Ancient scholars 
thought the most 
pleasing rectangle was one that 
had a special ratio between its 
long and short sides. 

They called it the golden 
ratio, and it was represented 
by the Greek letter (}), 
called phi. 

The ratio was popular with 
artists and architects. Like JC, 

(|) is an irrational number. Its 
value is approximately 1.618. 


Triangle-based 


Triangular 

prism 


T Ue answer if cm page 93. 
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SHAPE, SPACE AND MEASUREMENT 


Playing with shapes 

When a shape’s appearance is altered, it is said to have been been transformed. 
Mathematical transformations include rotating, translating, enlarging and reflecting. 


Rotating means turmimy a shape 
aroumd a poimt, Such as one of its 
cormers. 


6 is a rotatiom 




A is b translated 
left and up. 




\ 




bnlarq\nq so™ethimy means changing its 
Size in relatiom to a fixed poimt. The length 
of all the sides imcreases by the same 
factor, bmt the angles stag the same. 


Reflecting is a transformation which 
havens whetn a shape is flipped across 
a lime. It’s life lootimy im a ™irror. 

A^irror lime 


The factor of imcrease '«S called the 
scale factor. A scale factor of 2 
means the sides will double im size. 



The blme butterfly 
is am enlargement of 
the red butterfly by 
a scale factor of 2. 


It's possible to ' enlarge ’ 
a shape by a fractiomal 
factor. This ™eams it wil 
shrimt dowm im S*ze. 


The red butterfly is a 
fractiomal em(arye™emt 
of the blue butterfly. 

Its Sides are 2 the size 

of the blue butterfly. 




The reflectiom of poimt A is called poimt A . 
The shape amd its reflectiom are the same 
distamce fro™ the ™irror lime. 


Shapes are said to be 
comyruemt if they have 
the same size amd shape. 































SHAP£, SPAc!£ AND M£ASuR£M£NT 


$ome shapes have mirror limes imside f hemselves. These shapes are described as 
Symmetrical. The mirror lime is called a line of^ nxmetry. If you cut out a shape 
an d then try to fold if so that if makes two perfectly overlapping halves, 
unfold it And fbem see how many ways you can do tbis. 
yCM II find all its lii^6S of Sy^^efry. 


This tri angle Las 3 limes of symmetry. - 
If can be folded in Lalf tLree different v 


£ome shapes can be turned 
all the way ground And fit 
exactly onto themselves■ This 
*»S called rotational Symm e+ry. 


/ 


•ays. 




TLe friable also Las 

rofflfiomtfl Symmetry 
I of order 3. 


7 


TkiS' z Las rotational Symmetry of order 
2. \AJLen turned 360 , it looks exactly 
like itself fvA/o times on tLe rotation, 
once at 180 and ayain at 360 . (9 


Finding fradtals 

One branch of geometry involves finding equations 
that can be drawn on a graph to make a shape. In the 
19th century, German mathematician Karl Weierstrass 
came up with an algorithm that drew a very unusual 
kind of shape - a shape that went on forever 
repeating itself on a smaller and smaller scale. 

In the 1960s, French mathematician Benoit 
Mandelbrot studied these patterns and came up with a 
name for them: fractals. Fractals are shapes that exhibit 
something called self-similarity - the same pattern 
is repeated at different scales, so you see it again and 
again as you zoom in on the shape. 

Here’s one of 
Mandelbrot’s fractals, 
drawn using a computer 

No matter how closely 
you zoom in, the same 
pattern is always visible, 



Nat-ar&l fractals 

If you look closely at some 
objects, part of their shape 
repeats itself over and over 
again. These are called 
fractal objects. 

Fractals were observed in 
nature centuries ago by Italian 
mathematician Fibonacci, 
although he didn’t name them. 
They can be seen in snowflakes, 
flowers and even clouds. 



A snowflake seen 
^mder a microscope 
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Regular 

tessellations 

Only three regular shapes can 
tessellate: equilateral triangles, 
squares and hexagons. 


Tessellations in art 

Hundreds of years ago, Islamic 
artists used various shapes 
(including stars, triangles and 
crescents) to design tessellating 
tiles. They used them to 
decorate palaces. 



A secfioio of wall fro™ 
fke AIL* ndora Palace ir\ 
Granada, $\>ain 


In the early 20th century, 
Dutch artist M. C. Escher was 
inspired by the Alhambra to 
create his own tessellations. He 
often designed shapes to look 
like interlocking animals. 


SHAP£, SPAC£ AND M£ASuR£M£;tfT 

TeSSelfetiojis 

A tessellation is a repeating, symmetrical pattern of 
shapes with no overlaps or gaps. The shapes don’t have 
to be identical - for example, the surface of a ball can 
be made by tessellating hexagons and pentagons. 

2 D tessellations are often used to make tiles to 
decorate floors or walls. Tessellations exist in 3D, too, 
for example, in the dense structure of a honeycomb. 


Do-1 f-yoMrself: h&ellaknq pattern 

here's a simple example of h ow to play a round with a 
Simple tessellating shape to mate a more complex, 
Doit still tessellating, pattern: 


I. firsf, draw outf a so^are. 


2. Cuf a section fro™ 
ome side of fke so^are. If 
doesm’f ™affer what stape 

yout Culf outf. 

3. Add fLtt secfiom fo fke 
ofker side of fke s o^are. You 
can draw a picfure fo fill fke 
new s^pe if you like. 





4. Copy fke stape 
again and again 
fo build up your 
fesselUfiom. 
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Measuring the Earth 

Understanding how shapes work can be 
very useful, as Ancient Greek mathematician Eratosthenes 
discovered. He used his knowledge of circles, triangles and 
angles to estimate the circumference of the Earth around 
2,200 years ago. Here’s how he did it. 



ERATOSTHENES LIVED IN 
ALEXANDRIA IN NORTHERN EGYPT. 


AS PART OF HIS 
STUDIES OF 
ASTRONOMY HE 
MEASURED SHADOWS 
CAST BY THE SUN. 



i I ' 

AT NOON PRECISELY ON 
MIDSUMMER'S DAY, THE SUN 
CAST NO SHADOW ONTO A 
SUNDIAL IN SYENE, A TOWN IN 
SOUTHERN EGYPT. 



BUT AT EXACTLY THE SAME 
TIME IN ALEXANDRIA, THE 
SUN CAST A SLIM SHADOW 
ONTO A SUNDIAL. 



AT THE TIME, DISTANCES WERE MEASURED IN UNITS CALLED 
STADIA. THE DISTANCE FROM ALEXANDRIA TO SYENE WAS 

ABOUT 5,OHO STADIA. 

& , 

SINCE THE SURFACE OF THE EARTH IS ROUGHLY 

CIRCULAR, HE CONCLUDED THAT THE ARC BETWEEN 

THE TOWNS WAS 7° OUT OF A TOTAL OF 3GO 0 , OR 
APPROXIMATELY so. SO THE DISTANCE BETWEEN THE 
TOWNS MUST BE is OF THE TOTAL CIRCUMFERENCE 

OF THE EARTH. 

[SVENE^ 

I ALEXANDRIA 1 - - 




ALEXANDRIA ^ & of ^ Mal 

s' circumference of 

/ the Earth 

\j SVENE J 

N./ [ 0 STADE WAS ABOUT 

0 ]S KILOMETRES.) 


SO, HOW BIG IS THE EARTH? 


IF ± OF THE EARTH'S 
CIRCUMFERENCE IS 5, OHO 
STADIA, THEN THE WHOLE 
CIRCUMFERENCE IS 
5,OHO X 50. 

THIS GIVES A TOTAL OF 
252,000 STADIA, WHICH 
IS THE EQUIVALENT OF 
37,300KM. 



MODERN MEASUREMENTS GIVE THE 
CIRCUMFERENCE OF THE EARTH AS 
HO.CRSKM, SO ERATOSTHENES' 
ESTIMATE WAS PRETTY CLOSE. 

HE WAS A LITTLE OFF BECAUSE 
ALEXANDRIA IS NOT DUE NORTH 
OF SYENE, AND THE EARTH ISNT 
ACTUALLY A PERFECT SPHERE - IT'S 
A BIT FLAT AT THE NORTH AND 
SOUTH POLES. 


HrinifeftJ: 


t T±tt 


j/j i_{_ 





63 











































































Fad Is 


part 

aftcf fipureS 




During the 18505, war raged in eastern Europe, and 
thouaands of wounded soldiers were sent to makeshift 
hospitals. One of the nurses working at such a hospital was 
named Florence Nightingale. She’s remembered today for 
greatly improving hospital conditions. But the secret to her 
success was maths - specifically statistics. 


Statistics is all about collecting and analysing information. 
Nightingale found that many more soldiers died in hospital 
than on the battlefield, often because of poor hygiene. She 
turned these figures into a chart and used it to persuade 
politicians and generals to clean up hospitals. 


Read on to find out more about how well-researched, 
well-presented statistics can be a powerful tool. 
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FACTS AND FIGURES 


star Maths 


One of the first great ' 
statisticians was French 
astronomer Pierre-Simon 


In maths, pieces of information are known as data. 

Data can be numbers, such as a list of exam results, or 
words, such as a set of answers to survey questions. 
Collecting and analysing all kinds of data is what 
statistics is all about. 

What do yoM want to ftnow? 

One key point of statistics is to find out answers to 
questions. This can range from scientific questions such 
over time. Each year he gained a5 'How big is a male penguin?’ to political questions 

such as ’What party will people vote for?’. 


He spent years watching the 
stars and planets, and 
measuring the way their 
path through the sky changed 


more data, making his analysis 
more and more accurate. 


The tiggest 
saMpIe 

One of the first 
really big surveys took place 
in Sweden in 1749. The 
government wanted to find 
out how many people lived in 
the whole country. 

They expected the answer 
to be close to 20 million 
people, but in fact there were 
just over 13 million. 

Nowadays, most 
governments conduct this 
kind of country-wide survey, 
called a census, every ten 
years or so. The data also 
helps them decide if the 


Taking a sample 


To find the answer to questions like these, you need 
to collect lots of data. But it would take far too long 
to measure every single penguin, or ask every single 
person how they will vote. Instead, you can just 
examine a sample - a small group chosen to 
represent the whole. 





























FACTS AND FISvRFS 
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Choosihg the sample 

It's vitally important to choose a good' sample. 
Two 'bad' samples taken from the same 
population can give very different results. 

For example, a school survey that asks 
How much time is there for sport?' might 
get the answer too much' if the sample was 
taken from just the chess club, and ‘too little’ 
if the sample was taken from the football team. 
Choosing a specific sample to get a particular 
result is called bias. 


Random samples 

One way to avoid bias in a survey is to choose a sample 
at random. A random sample means every person from 
a population has an equal chance of being picked. 

For example, you could pick a sample of people 
waiting to buy cinema tickets by putting on a blindfold 
and pointing at just a few of them. 




Sometimes a completely r andom sample can be 
misleading, too. If the cinema survey was intended 
to find out about all cinema-goers, a sample that only 
picked out people who are paying for tickets wouldn’t 
represent the views of, for example, young children 
whose parents buy their tickets for them. 

A good sample needs to give a fair representation of 
the whole population, as well as being random. 
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The wVoiig Fesull 

In the USA in 1936, a magazine 
conducted a telephone survey 
of 10 million people, chosen 
at random, to ask who they 
thought would win the 
presidential election that year. 

The survey showed readers 
thought London would defeat 
his rival Roosevelt by 370 
votes to 171. 



But in the actual election, 
Roosevelt won by 523 to 8. 

Why did they get it so wrong? 
The reason was that in 1936, 
only wealthy people owned 
telephones. And most of them 
wanted London to win. So the 
survey was biased, even though 
it seemed to be random. 
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Bogus h&gMelleS 

19th-century French 
mathematician Henri Poincare 
spent a whole year weighing 
baguettes he bought from his 
local baker. 

They were advertised as 
weighing 1,000g, but he found 
most of them weighed 
noticeably less than that. The 
average weight was only 980g. 

Poincare told the police, and 
the baker was fined. 


r-cha.hgiiig 

ogra.m 

The Bureau of International 
Weights and Measures in France 
holds a cylinder of metal that 
weighs exactly one kilogram. 
Traditionally, the most accurate 
sets of weighing scales were 
calibrated using this cylinder. 







But there’s a problem - the 
metal is slowly disintegrating, 
losing tiny, tiny amounts of 
weight over time, so any new 
scales calibrated using the 
cylinder will vary slightly from 
older scales. 


Difficulties with cfota. 


Imagine two pirates, Nancy and Jonah, are arguing 
about who has the most gold. It should be simple to 
settle the argument, shouldn’t it? 




All the bars look the same. But when they put their 
bars on a set of scales, Nancy’s weigh more than 
Jonah’s. 


Jonah complains, so they weigh the gold again, using a 
different set of scales. This time, the scales tip the other 
way: it seems that Jonah's gold weighs more. 

How can this happen? The fact is, no two bars 
of gold are ever exactly alike in size or even purity, 
and no set of scales is entirely reliable. (In fact, Jonah 
cheated in the second attempt by putting a heavier 
bowl on his side of the scales.) But even two modern 

digital scales can give different readings _ ■—■ - 

when weighing the same object. 

The best way to be fair is to 
weigh the bars many times on 
many sets of scales. Then, compare 
all the results to see if one lot 
comes out weighing more overall. 
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FACTS AND FISURFS 


The meaning of average 

In everyday use, the word ‘average’ means just 
‘ordinary’ or ’in the middle’. But in maths, there are 
three different types of average. 

This seed packet contains an ‘average’ of 23 seeds. 
But what does that actually tell you? 


Cw u/fly fo fimd 
Outf is fo boiy lots of 
packets amd coumf fbe 
seeds each. 




TTem put the data i^to 
a table, like this: 


Number of seeds counted ir» 10 packets 

Number of 
seeds packet 

18 

19 

20 

22 

28 

30 

Number of packets witk 
tkat exact number of seeds 

1 

2 

1 

3 

1 

2 




Mode 

The number that appears most 
often in a set of numbers is 
called the mode. This is one kind 
of ‘average*. 


Median 

The middle value of 
the sample is called 
the median. To find 
it, arrange the data 
in numerical order 
and find the value, or 
values, in the middle. 


Box iramters 

A box of cereal might say 
it weighs 500g. But if you 
weighed the whole box, or even 
just the cereal inside, it’d 
probably weigh a bit more or 
less. ‘500g’ is the approximate 
weight of the cereal inside 
the box. If you sampled many 
boxes, the average should be 
very close to 500g. 



MeaJi 

When people describe an 
‘average’, they are usually 
talking about the mean. It’s 
the value obtained when data 
is shared out equally. 

To calculate it, add up all 
the results, then divide by the 
total number of examples 
(here, the total number of 
seeds divided by the total 
number of packets). 
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Charting 

Sometimes the easiest way to make sense of data 
is to draw a chart. There are a number of different 
ways to do this. 





Histograms use bars to 
compare different samples 
from a set of continuous data 
- data that can be described 
as any value within a given 
range, or interval. 


Line chart 

Line charts are good for 
showing how something 
changes over time. 


Speed of a on a journey 


Time (minutes) 


Results of a fruit survey at a supermarket 


Bar chart 

Bar charts are good for 
comparing the quantities 
of different things. 


± 40 
8-» 30 


Type of fruit 


Bar charts only work for 
discrete data - data 
that can be divided into 
separate items, such as 
different fruits. 

The bars on a bar chart 
are the same width, and 
can have a gap in between. 


Time taken to finish a jigsaw 
40' 


This bar on the 
histogram shows anyone 
who completed the 
jigsaw in at least 60 
minutes, but less than 
70 minutes. 


10 20 30 40 50 60 70 80 

Time taken (minutes) 
































































Pie eharl 

Pie charts use a circle to 
represent the whole sample. 
TheyYe useful for showing 
how different sections of 
that sample are split up. 






pew 


How Finn spends 
his podfrel money 

Chocolate 


Clothes 
Chips 
Comics 


Music 


Cinema 


How Poppy spends 
her podftet money 

Jewellery 


Stationery 


Make-up 
Clothes 


Analysis of dfass 23: how tall sludenls are 
dompar ed with how long their feet are 


Scatter diagram 

Scatter diagrams show 
how two different things 
may or may not relate to 
each other. 


£ 

u 

40- 

<D 

£ 

30- 

O 

-C 

+-> 

CD 

20- 

c 

<L> 

10' 

0 




The poimtf Om f^if 
OyrC\^h film ost Ml im a 
neat lime. Tkif suggests 
there if a [imt, or 
correlation, between 
the two factors. 


NO 


Height (cm) 


Analysis of dass 23: how tall students are 
a nd how well they did in a Maths test 


The 


poii 


20 - 


this graph don't show 
any pattern. This Suggests 
there if mo corretafiom 
between the two factors. 


NO 


—i-r - 

120 130 

Height (cm) 
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dhe&ling with th&rls 

Sometimes people design a chart in a way 
that is intended to mislead readers. 


Line dha-Fl dheat 

This line chart looks very 
dramatic, but the data 
says otherwise. Look 
closely at the numbers... 


Cat-o-Lrunch ^ales 
2011 


10,200 



~q 

o 


o 

eQ 


If this axis started from 
0, the change would look 
less dramatic. 



10,100 


10 , 000 - 


Pidf-aFe 

This picture compares the amount 
of apples coming from two 
orchards. Orchard E produces 1 ~ 
times as many apples. 



Orchard A 


The second apple is l-j 
Times as long and ly as wide as 
The first. Bwt this makes it look 
more than twice as big overall. 


BaF dJiaFt dhe^l 

This bar chart compares the subjects 
children like at a school. 









































FACTS AND FIGURES 


dotTelalioft 

Sometimes a chart seems to show a correlation between 
two factors. But, just because there’s a link, it doesn’t 
always mean one thing causes the other There might be 
another hidden, factor Look at this scatter chart: 


Beware i 

A s'u^le chart is v\of 

enough fo prove one 
factor is the direct 
cause of av\ eve^f. 


400 - 


^ & 300 - 

O <£ 

J I 2.00-1 

l o 

'S 

2 M 100 


yc 


* 

V 

X 


+ 

* 


7< 
* 


T — 1 " I * 

I 2 3 

Number of drovWmgs 



Goocf game, £>a.<T 

Data tables can record a range of results over a 



Praise of p-unish? 

Teachers at a flight school found 
when they punished a pilot who 


period of time. They nearly always show the same 
trend: results tend to average out over time. For 
example, this chart shows how many goals a striker 
scored in every soccer match in a season. 


Match 

1 

2 

3 

4 

5 

6 

7 

8 


No. of goals 

1 

2 

1 

0 

4 

3 

1 

0 

2 


The mean number of goals was approximately 1.5. If 
you look at the results in sequence, a pattern emerges: 
a high-scoring game is followed by a lower-scoring 
game, and a low-scoring game is usually followed by 
a higher-scoring one. 

This pattern is called regression to the mean. It 
shows that, over time, results don’t get steadily better 
or worse, but tend to settle around a mean point. 


had just performed badly in a 
test, he improved next time. 

When they praised a pilot who 
performed well, that pilot did 
worse the next time. 

So the teachers began to 
punish all the pilots all the 
time, in the hope of improving 
everyone’s test scores. But it 
didn’t work. 

Why not? Because pilots who do 
badly at one test tend to do 
better next time, while pilots 
who do really well tend to do 
worse, regardless of praise or 
punishment 

In fact, over time, a pilot’s 
scores won’t keep getting 
better (or keep getting worse). 
The score will settle closer and 
closer to a mean value. 
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T he average Man 

Belgian statistician Adolphe 
Quetelet was one of the first 
to collect data about people. He 
wrote a book called Treatise on 
Man in which he used data to 
describe the height, weight and 
other characteristics of an 
average 19th-century man. 


wh&t is normal? 


The average 
criminal 

Quetelet also collected data 
about crimes and the people 
who committed them. His 
data suggested that 
criminals were more likely 
to come from poor homes, 
have little education, and 
be drunk when they 
committed their crimes. 


One reason people look at data is to find out what is 
typical. For example, how big is a typical pumpkin? 

A chart that shows data to answer questions like 
these is called a distribution chart, because it shows how 
a range of results is distributed. Distribution charts often 
show a symmetrical pattern with a peak in the middle, 
which corresponds to the mean, median and mode. 


The line shows a pattern called 
normal distribution. The shape of 
. the line is often called a bell curve. 


Weight of p-umphins 


7S 
















































Number of people with that income 
(thousands) 
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FACTS AND FIGURES 

Sl'dLhd^Vd cfevialioft 

It5 easy to see a clear mean on a normal distribution 
chart. But what the chart also shows is by how much 
range of pumpkins vary from the mean. 

There is a point on the line eitherside of the peak 
where the curve stops getting steeper Nearly 
two-thirds of the data falls in between these two 
points. Statisticians describe each point as being one 
standard deviation from the mean. 

It’s a mathematical way to describe how typical, 
or untypical, a particular pumpkin is. Most pumpkins 
differ by less than one standard deviation, but a few 
tiny or huge ones might differ by three or more. 



The shaded area on this graph 
covers two standard deviations 
from the mean. The symbol G, 
sigma, is used as a shorthand for 
the term standard deviation’. 


Business stahcfarrf 

Manufacturers, banks and even 
governments try to improve their 


VlieVeH tfistrijo-utioii 

Fut there are many charts that don’t show normal 
distribution. For example, look at this chart showing 
how much money people earn: 

Income of people oft Free Market Is]ah<f 


performance using a measure 
known as 6o, or six sigma’. 

For example, a company will 
carefully analyse any product 
they make that falls six standard 
deviations below the mean quality 
level. This helps them ensure the 
mistakes involved in making the 
inferior product are not repeated. 
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part 5: 

Ta.fce ^ dh&hde 



Probability is a branch of maths that uses logic and 
arithmetic to analyse how likely something is to happen. 

It can apply to anything, from guessing which way to 
turn in a maze, to deciding whether to bring an umbrella 
with you on a walk. 

Most people talk about probability without thinking 
about the maths behind it. But some people, such as 
insurance actuaries, think about it very carefully. For 
example, to calculate life insurance costs, an actuary 
has to figure out an accurate probability for how long a 
person is likely to live. This is based on things such as 
that person’s age, health and profession. 























































TA kX A CHAUCZ 


whaVs the 
Weather like? 

The weather forecast is a 
prediction about what the 
weather will be like over 
the next few days. 

Weather stations use 
computers to make calculations, 
based on measurements of 
temperature, air pressure and 


Is it likely? 


It's impossible to know for certain what will happen 
in the future, but maths can help make good guesses. 
However some events have so many factors to 
account for there’s no way to make a good guess. For 
example, is a journey quicker on foot or by bus? 






















































TA k£ A CHANCjE! 


The Key to SViddeSS 

Many card games involve 
decisions based on probability. 
People who play a lot 
often become very good at 
calculating probabilities in 
their heads. 

For example, the key to 
winning many card games 
depends on knowing how likely 
it is that a certain card will 
come up on the 



All acfcfing Up 

When making calculations with 
probability, it helps to remember 
the rule: 



The sum of the 
probabilities 
of all possible 
outcomes = 1 

For example, when tossing a coin, 
the probability of getting 
heads = y and of getting tails = y 

P(H) + P(T) = {+i = 1 



profcafcility trees 


When finding the probability of two or more events, it 
gets a little more complicated. For example, if you toss 
a coin twice, there are four possible outcomes: 



l) kead? tail? 2.) keads keads 3) lad? keads 4) tail? kail? 


You can show this 
in a tree diagram, 
made up of lines 
called branches. 

A new branch is 
drawn to represent 
each possible 
outcome. 


The probability of 
getting heads on each 
toss is always y, no 
matter what happened 
in the previous toss. 



More eVehls 


Even if you've tossed three heads in a row the probability 
of tossing heads next time is still f. But the probability of 
tossing four heads, one after another, is noti ■ To work 
this probability out, you need to multiply the probability 
of each of the four coin tosses. 

P(HHHH) =|x| x j-xi = If drew 

tree of four co\v\ to$$e$ t there 
uuoutld be 16 branches at the ei^d. 
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TAfc£ A dHANd£ 


The problem of point $ 

In the 17th century, two French mathematicians, Blaise Pascal and Pierre de 
Fermat, became fascinated by probability They kept writing letters to 
each other about a particular question they called the ‘problem of points. 


PASCAL AND FERMAT IMAGINE THEY ARE IN A CAFt PLAYING A COIN-TOSSING GAME... 





...WHEN FERMAT SUDDENLY HAS TO LEAVE BEFORE THE 
GAME FINISHES. HOW SHOULD THEY DIVIDE THE POT? 


PASCAL AND FERMAT AGREE THAT PASCAL SHOULD 
GET A BIGGER SHARE, BUT THEY WANT TO DECIDE 
EXACTLY HOW MUCH BIGGER. 


THEY WORK OUT ALL THE POSSIBLE WAYS THE GAME 
COULD HAVE ENDED, USING A TREE DIAGRAM: 


Heads: Pascal wiios 4-2 

2 


Pascal 3 
Fermat 2 


This is the score whe^ 
Fermat leaves the cafe'. 


Heads-- Pascal 
iv\S 4-3 


Tails-- the yame 
is tied 3-3, so 
they toss aya \n. 


Tails: Fermat 
va/u^s 3-4 


IF THE COIN COMES UP HEADS, PASCAL GETS A POINT. IF 
IT COMES UP TAILS, FERMAT GETS A POINT. THE PLAYERS 
ADD FOUR COINS TO A POT ON EACH TURN. THE FIRST 
PLAYER TO H POINTS WINS THE POT OF COINS. 


PASCAL AND FERMAT DESCRIBE TWO 

DIFFERENT WAYS TO SETTLE THE ARGUMENT: 

A) The probability tree shows there are 
three possible outcomes to the yame. 

Itt two of the™, Pascal wi^s. 

Ir\ oi^e of the™, Fermat wit^S- 
£o they could Split the wirmii^ys 2:1 

B) By fiyuriv\y out the actual probabilities 
of each of the three outcomes, they foumd 
that Pascal has a chance of wivminy, 

while Fermat has ovdy a -j- chance. 

IN ™E SW > WEY DECIDE OPTION B) IS THE 

H j MOST ACCURATE, SO THEY AGREE THEY 

Ml VvOULP SPLfr WINNINGS 3:1. I 

THE STUDY OF PROBABILITY AS A WHOLE NEW FIELD OF MATHS WAS 

INSPIRED BY THIS CASUAL DISCUSSION OF AN IMAGINARY GAME. 




























TAfeS A CHANCE 


(Same of chance 

Imagine a friend challenges you 
to a game of chance. He says: 



Should you accept the 
challenge? To be certain, find 
the probability of obtaining a 
sum of 5 and the probability of 
obtaining a sum of 3 from two 
dice, and see which is greater. 


Surveys estimates 

Some probabilities are exact - for example, the 
probability of picking a red ball from a bag that 
contains 8 red balls and 2 green balls 

Hut not all probabilities are exact. Some are just estimates 
based on an experiment or survey. In a survey, the 
estimated probability is also known as the relative 
frequency This is the number of times an event occurs, 
divided by the total number of trials or observations. 

d&r dount 


There are four ways of 
obtaining a sum of 5: 
1,4 2,3 3,2 4,1 



There are just two ways 
of obtaining a sum of 3: 



There are 36 possible 
outcomes in total, 
covering every outcome 
from 1,1 to 6,6, so 

P(S)=£ 

w=k 

This means a sum of 5 is 
twice as likely as a sum of 3, 
so if you accept the challenge 
you’d probably lose. 


Here’s an example: Lily stands by the road 
counting how many cars have just 
one person inside. 



Out of ten cars, she notes that seven have a single 
person in. When she extends her survey to 100 cars 
she counts 63 single-person cars. And out of 1,000 
cars, she counts 602. 

In the first case, the relative frequency of cars 
containing just one person is -jo or 70%. In the second 
survey, it’s ^ or 63%, and in the third, it’s ioooor 60.2%. 
























TAM A CHANCE 


KrecpaeiicJy dh&rls 

Sometimes the best way to understand a survey is to 
show it clearly in a diagram, such as a frequency chart. 


Survey: 1,000 children were asked to name a tasty treat. 



From this chart, you can see that strawberry spirals 
were the most popular The relative frequency of a 
child picking strawberry spirals is about ^§5, which 


Surprising results 

Lucy and Eric have two children. 
At least one is a boy. What’s the 


probability that the other 



To find out why, make a list of 
all the possible pairs of children: 


BB, BG, GB, 

Since you know one child is a boy, 
you can rule out the last one. 

Of the three remaining 
outcomes, two of them have a 
girl, so the probability that the 
other child is a girl is f. 

As you get more information, 


is the same as 65%. 

Maying plans 

If you know the relative frequency of an event, it can 
help to make plans for the future. For example, Nadine 
was given some new sandals for her birthday on the 



1st of dune. Hut she can only wear them on sunny 
days. How often can she expect to wear them in dune? 



Expected number of days of rain = 0.4 x 30 = 12 


Expected number of sunny days = 30-12 = 18 


So, Nadine can expect to be 
able to wear her new sandals 
on about 18 days in dune. 


1. The calendar 
tells her there 
are 30 days 
in June. 




iiagaao 


2. A website about weather > 
tells her the relative 4 4 4 

frequency of rainy days in (j 
June in her town is 0.4 


Mihd reading 


Ask a friend to think of a 
number between 1 and 10. It 
should be impossible to guess 
what they’ll say with more than 
10% accuracy. But if you guess 
7, you’ll be right about 30% of 
the time. No one knows why, but 
surveys around the world show 
that about one third of people 
always think of 
the number 7. 







































































































Pari 6: 


More a.fco-u.1 MatJiS 



In this section, you can find out how the 
study of mathematics has developed since the 
dawn of human history, and discover some 
of the ways in which maths plays a part in 
working life, and especially in music. 
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MORE ABOUT MATHS 




M&lhs al work 

Nearly every job requires some kind of roaths, such as simple arithmetic. 
But some jobs require more complex kinds of maths, too. 


People setting up a business often need to borrow 
cash from investors. To convince people to loan 
them money, they create a business plan using 
charts and percentages. These describe how 
much money the business needs, 
and how much the investors 
could make in profit. 





Fashion designers 
Fashion designers usually start with a sketch. But 
to turn that into a piece of clothing, they have to 
know how to draw the shape they want as a net. 
They then need to convert the net into a life-size 
pattern, using measurements and scale, so that 
when the fabric is cut it’s the perfect 
size and shape. 


Sdielllisls 
All scientists use maths 
to plan experiments and 
examine the results. Many kinds 
of scientists need maths for other things, too. 

Doctors use ratios to work out a dose of 
medicine. Ecologists and marine biologists 
use statistics and graphs to analyse 
animal populations. Chemists 
use algebra to figure out the 
amounts of compounds they 
need to make a chemical 
reaction work. 

Stockbrokers 

Stockbrokers analyse data and charts 
relating to stock prices. They aim to buy 
when the stock price is low, and hope that 
the price will increase, so 
they can sell their stocks 
at a higher price to make a 
profit for their clients. 



Builders 

Builders need to be skilled at geometty so they can 
turn a plan into an actual building. They also do a 
lot of estimating volumes and areas, to work out 
how much of each building material they , ll need, 
how long the job will take to complete, and how 
many people to hire. 











































MORS ABOUT MATHS 


Maths in music 

When musicians write music, it’s like a language, but a language based on 
maths, not words. Music is made up of sounds, called notes, that can be 
written down as symbols on a set of lines, called a score. The position of 
each symbol tells you which note it is. The kind of symbol used for each 
note describes how long to play it for 


This means there 
are four crotchet 
beats in each bar. 



A semibreve is four 
crotchets long. 


A crotchet 



How long is a piede of string? 

Ancient Greek mathematician Pythagoras 
made a brilliant discovery over 2,500 years 
ago: notes that sound good together, that are 
in harmony, are related 
mathematically. 


Pythagoras also found the sound of a note 
plucked on a string depends on the length and 
tension of the string. He plucked a string to 
make a sound. Then he halved the length of 
the string and plucked it again, and found 
the sound it made was almost the same, but 
a higher pitch. The interval between these 
notes is now known as an octave. 


Badh an<f harmony 



A chord is two or more notes played at 
the same time, to create a harmony. 
300 years ago, German composer Johann 
Sebastian Bach tried out many chords. 

He ended many of his keyboard-based 
pieces with a particular three-note 
chord called a major triad. 


Score showing one / 
kind of major triad 


A major triad can be defined 
mathematically, according to the spacing of the 
notes. Two adjacent notes are exactly one semitone 
apart. In a major triad, the second note is exactly 
four semitones above the first, and the third note 
is three semitones above the second. 


8 9 
























Glossary 


Words in italics have their own separate entries. 

algebra The mathematics of using symbols to 
represent unknowns and to create general rules. 

arithmetic Solving maths problems using addition, 
subtraction, multiplication and division. 

average In maths, the average value from a set of 
values is its mean, median or mode. 

axis (of a graplH A horizontal or vertical line to 
help define the location of points called coordinates. 
The plural of axis is axes (pronounced ax-eez). 

base number The large number in an index form 
number It tells what number should be multiplied 
to the power. 

bias An influence that prevents a survey from 
accurately representing a whole population. 

binary A system of counting that only uses Is and 
Os. Osed by computers to store information. 

chart A visual representation of mathematical data. 

circumference The perimeter of a circle. 

Congruent shapes Shapes that are exactly the same. 

coordinates Numbers that define points on a map 
or graph relative to a base line called an axis. 

correlation A link between two things. One thing 
may or may not be the cause of the other 

Cube root The opposite of cubing a number 
A cube root is a number that when cubed equals 
the initial number 

Cubing Raising a number to the power 3. which 
means multiplying three lots of that number together 

data Information, such as the results of a survey. 

decimal place A digit's position after a decimal point. 

decimal point A point used in the decimal system 
of counting. Each digit after the decimal point stands 
for a tenth, hundredth, thousandth, etc. of one. 

decimal system A counting system based on tens. 

denominator The number below the line in 
a fraction. 

digit Any of the ten Hindu-Arabic numerals 0-9. 


dimensions The directions in which an object 
spreads out. A line has one dimension, a square has 
two and a cube has three. 

elevation A drawing that shows the shape of a 
building seen directly from the front, back or side. 

equation A mathematical statement that two 
expressions have the same value. 

estimation An approximate answer to a maths 
problem, often found using rounded numbers. 

expression A group of symbols, sometimes 
including digits representing a number in algebra. 

factors A numbers factors are the whole numbers 
that divide exactly into it, with no remainders. 

formula In algebra, a rule that explains how a 
sequence is generated, or describes how two or 
more variables are related. 

fractal A shape or pattern that repeats itself 
forever It exhibits self-similarity, looking the 
same when you enlarge it. 

fraction A number usually written in the form 
t that compares part of an object with the whole. 
Fractions can also include whole numbers, e.g.f • 

geometry The study of shapes and measurement. 

gradient see slope. 

graph A drawing that shows the relationship 
between two or more sets of numbers, or between 
values in an algebraic equation. 

guesstimate A very rough calculation, made 
using some numbers that can only be guessed at. 

imaginary number A number that doesn’t appear 
on a real number line, such as i, ■/-!. 

improper fraction A fraction with a larger 
numerator than denominator, e.g.T- 

index form A way of writing large numbers 
involving a base number raised to a power. 

infinity An impossibly high number No matter 
how high you count you can always go higher so 
you can never actually reach infinity. 




90 










irrational number A number that can’t be written 
as a fraction. In decimal form it has an infinite number 
of decimal places. 

irregular In geometry, a shape that has unequal 
sides and angles. 

linear equation An equation that can be depicted 
on a graph using a straight line. 

mean One kind of average of a sample, found by 
adding all the numbers and dividing by the total 
amount of numbers in the sample. 

median When a set of values is listed in order; this is 
the value, or values, halfway along the list. 

mixed number A number expressed as a whole 
number with a proper fraction, e.g. llT. 

mode The value or item that appears most often 
in a sample. 

model A scaled down or simplified representation of 
a larger or more complex object or situation. 

natural numbers Counting numbers, or whole 
numbers from one upwards. 

negative numbers Numbers less than zero. 

net An unfolded 3D shape, a flattened cut-out that 
will fold up exactly to form a 3D shape. 

numeral A symbol used to represent a number 

numerator The number above the line in a fraction. 

order of magnitude An object that is 10 times 
bigger than another is bigger by one order 
of magnitude. 

paradox A set of statements that are all true, but also 
contradict each other 

parallel Parallel lines run side by side and go in the 
same direction, but never meet. 

percentage A type of fraction. A whole is 100%. 

perfect number A number where, if you add up 
all its factors (except for itself), you get the original 
number e.g. 6 is a perfect number because l+2+3=6. 

perimeter The distance around the edge of a shape. 

plan A drawing that shows what a shape or building 
looks like from above. 


population An entire group being analysed in a 
survey, for example, all people living in America. 

power The tiny number in an index form number 
It tells you how many lots of the base should be 
multiplied together 

prime number A number that has only two factors 
- itself and one. 

probabih'ty The likelihood of an event occurring, 
described in maths on a scale from 0 to 1 

proper fraction A fraction with a smaller 
numerator than denominator, e.g. 7. 

quadratic equation An equation that includes x 2 , 
and no higher power of x. 

radius The distance from the centre of a circle to 
any point on the edge of the circle. 

random Without order or sequence. 

ratio A relationship between numbers, based on 
multiplication. Often used to compare amounts. 

rational number Any number that can be written 
as a fraction. 

real number Any number that is positive, negative 
or zero, including rational a nd irrational numbers but 
not infinity or imaginary numbers. 

reciprocal The reciprocal of a number is found by 
dividing 1 by that number For example, the reciprocal 
of 5 isT. 

regression to the mean A statistical observation 
that, over time, the results in a survey w ill tend 
towards the mean value of the whole survey, rather 
than going steadily up or down. 

regular In geometry, a shape that has sides of equal 
lengths and angles of equal amounts. 

relative frequency The number of times a 
particular event occurs in a sample divided by the 
total number of events in the sample. 

Sample A set of mathematical data found by taking 
part of a population. 

Sequence A list of numbers in order usually related 
by a mathematical pattern. 
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simultaneous equations Two .separate equations 
that both describe the same variables. 

slope How much a line graph stretches up compared 
to how far it stretches along. Also called gradient 

Square root The opposite of squaring a number 
A square root is a number that, when squared, equals 
the initial number 

Squaring Raising a number to the power 2, which 
means multiplying it by itself. 

Standard deviation A measure of how much 
variation from the mean there is in a sample. 

Statistics A branch of maths that deals with 
collecting, analysing and presenting data. 


Here you can find out the meaning of 
the symbols used in this book. 

+ addition sign 
- subtraction sign 
x multiplication sign 
-t- division sign 
= equals sign 

n 2 Squared number A number multiplied by itself. 

For example, 2 2 = 2 x 2 = 4 

n 3 Cubed number A number multiplied by itself twice. 
For example 2 3 = 2x2x2 = 8 


substitution Solving algebra problems by replacing 
the unknowns in equations with numbers. 

survey A mathematical exercise to collect data. 

tally An early way of counting, making scores on 
wood or bone to keep track of amounts. 

term In algebra, part of an expression usually made 
of numbers and letters multiplied together e.g. 3x. 

tessellation An arrangement of repeating shapes to 
cover a surface without gaps or overlap. 

teSSeract The shape a cube would take on if it 
gained an extra dimension. Also called a hypercube. 

transformation An alteration to a shapes size, 
appearance, orientation or position. 

triangulation Constructing a network of triangles 
to map out an area, or to narrow down the location 
of something within an area. 

trigonometry The mathematics of angles and 
triangles, also relating to waves and circles. 

units (i) In relation to measurements, units are 
standard quantities by which length, mass, volume, 
and so on, are described. 

(ii) In relation to numbers, units are the most 
basic counting value. 

variable Another name for an unknown in an 
equation, or the quantities in a formula. 


Square root sign To find a square root means to 
find a number that, when multiplied by itself, gives the 
original number For example, -y^4 = 8. 

Cube root sign To find a cube root means to find a 
number that, when multiplied by itself twice, gives the 
original number For example, ^125 = 5. 

percent Another way to say ‘out of 100’. For example, 
17% is the same as the fraction . 

A curly x represents an unknown value, or the 
horizontal axis on a graph. 

A y represents a second unknown value, or the 
vertical axis on a graph. 

A z represents a third unknown value, or the third axis 
on a 3D graph. 

An n usually represents any particular whole number 
as opposed to a variable. 

A dot above a digit - always after a decimal point 
- means that digit is repeated forever 

pi A number that defines the relationship between 
the diameter of a circle and its circumference. 
Approximate value: 3.14 

phi A number that defines the length of one side of a 
golden rectangle (see page 59). Approximate value: 1.62 

infinity A symbol that represents the idea of going 
on forever 
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Answers 

Here are the solutions to some of the problems posed throughout the book. 


1. Picture s-udofru, page *+ 2. Shape Se<jMeHde, page <t2 

This is how the completed sudoku grid looks: Ihe nex ^ shape in the sequence is; 




There are two rules in the sequence: 

1. Add two extra sides to each new shape. 
2. The shapes change colour in sequence, too 
- from orange to red to green. 


y Taftgraln, page 53 

Here’s the solution to fitting all the tangram 
shapes together to make a large triangle: 


Nets, page 5^ 

Here are the matching pairs of 3D 
shapes and their nets: 
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